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Astrophysial observations are pointing out huge amounts of "dark matter" and "dark energy"
needed to explain the observed large sale struture and osmi dynamis. The emerging piture is
a spatially at, homogeneous Universe undergoing the today observed aelerated phase. Despite of
the good quality of astrophysial surveys, ommonly addressed as Preision Cosmology, the nature
and the nurture of dark energy and dark matter, whih should onstitute the bulk of osmologial
matter-energy, are still unknown. Furthermore, up to now, no experimental evidene has been
found, at fundamental level, to explain suh mysterious omponents.
The problem ould be ompletely reversed onsidering dark matter and dark energy as "short-
omings" of General Relativity in its simplest formulation (a linear theory in the Rii salar R,
minimally oupled to the standard perfet uid matter) and laiming for the "orret" theory of
gravity as that derived by mathing the largest number of observational data, without imposing any
theory a priori. As a working hypothesis, aelerating behavior of osmi uid, large sale stru-
ture, potential of galaxy lusters, rotation urves of spiral galaxies ould be reprodued by means of
extending the standard theory of General Relativity. In other words, gravity ould ats in dierent
ways at dierent sales and the above "shortomings" ould be due to inorret extrapolations of
the Einstein gravity, atually tested at short sales and low energy regimes.
After a survey of what is intended for Extended Theories of Gravity in the so alled "metri"
and "Palatini" approahes, we disuss some osmologial and astrophysial appliations where the
issues related to the dark omponents are addressed by enlarging the Einstein theory to more
general f(R) Lagrangians, where f(R) is a generi funtion of Rii salar R, not assumed simply
linear. Obviously, this is not the nal answer to the problem of "dark-omponents" but it an be
onsidered as an operative sheme whose aim is to avoid the addition of unknown exoti ingredients
to the osmi pie.
I. INTRODUCTION
General Relativity (GR) is a omprehensive theory of spaetime, gravity and matter. Its formulation implies that
spae and time are not "absolute" entities, as in Classial Mehanis, but dynamial quantities stritly related to the
distribution of matter and energy. As a onsequene, this approah gave rise to a new oneption of the Universe
itself whih, for the rst time, was onsidered as a dynamial system. In other words, Cosmology has been enlosed
in the realm of Siene and not only of Philosophy, as before the Einstein work. On the other hand, the possibility
of a sienti investigation of the Universe has led to the formulation of the Standard Cosmologial Model [1℄ whih,
quite niely, has mathed with observations.
Despite of these results, in the last thirty years, several shortomings ame out in the Einstein theory and people
began to investigate whether GR is the only fundamental theory apable of explaining the gravitational interation.
Suh issues ome, essentially, from osmology and quantum eld theory. In the rst ase, the presene of the Big
Bang singularity, the atness and horizon problems [2℄ led to the statement that Cosmologial Standard Model, based
on the GR and the Standard Model of Partile Physis, is inadequate to desribe the Universe at extreme regimes.
On the other hand, GR is a lassial theory whih does not work as a fundamental theory, when one wants to ahieve
a full quantum desription of spaetime (and then of gravity).
Due to these fats and, rst of all, to the lak of a denitive quantum gravity theory, alternative theories have
been onsidered in order to attempt, at least, a semi-lassial sheme where GR and its positive results ould be
reovered. One of the most fruitful approahes has been that of Extended Theories of Gravity (ETG) whih have
beome a sort of paradigm in the study of gravitational interation. They are based on orretions and enlargements
of the Einstein theory. The paradigm onsists, essentially, in adding higher-order urvature invariants and minimally
or non-minimally oupled salar elds into dynamis whih ome out from the eetive ation of quantum gravity [3℄.
Other motivations to modify GR ome from the issue of a full reovering of the Mah priniple whih leads to assume
a varying gravitational oupling. The priniple states that the loal inertial frame is determined by some average of
the motion of distant astronomial objets [4℄. This fat implies that the gravitational oupling an be sale-dependent
and related to some salar eld. As a onsequene, the onept of inertia and the Equivalene Priniple have to be
revised. For example, the Brans-Dike theory [5℄ is a serious attempt to dene an alternative theory to the Einstein
2gravity: it takes into aount a variable Newton gravitational oupling, whose dynamis is governed by a salar eld
non-minimally oupled to the geometry. In suh a way, Mah's priniple is better implemented [57℄.
Besides, every uniation sheme as Superstrings, Supergravity or Grand Unied Theories, takes into aount
eetive ations where non-minimal ouplings to the geometry or higher-order terms in the urvature invariants are
present. Suh ontributions are due to one-loop or higher-loop orretions in the high-urvature regimes near the
full (not yet available) quantum gravity regime [3℄. Speially, this sheme was adopted in order to deal with
the quantization on urved spaetimes and the result was that the interations among quantum salar elds and
bakground geometry or the gravitational self-interations yield orretive terms in the Hilbert-Einstein Lagrangian
[8℄. Moreover, it has been realized that suh orretive terms are inesapable in order to obtain the eetive ation of
quantum gravity at sales losed to the Plank one [9℄. All these approahes are not the full quantum gravity" but
are needed as working shemes toward it.
In summary, higher-order terms in urvature invariants (suh as R2, RµνRµν , R
µναβRµναβ , RR, or R
kR) or
non-minimally oupled terms between salar elds and geometry (suh as φ2R) have to be added to the eetive
Lagrangian of gravitational eld when quantum orretions are onsidered. For instane, one an notie that suh
terms our in the eetive Lagrangian of strings or in Kaluza-Klein theories, when the mehanism of dimensional
redution is used [10℄.
On the other hand, from a oneptual viewpoint, there are no a priori reason to restrit the gravitational Lagrangian
to a linear funtion of the Rii salar R, minimally oupled with matter [11℄. Furthermore, the idea that there are
no exat laws of physis ould be taken into serious aount: in suh a ase, the eetive Lagrangians of physial
interations are stohasti funtions. This feature means that the loal gauge invarianes (i.e. onservation laws)
are well approximated only in the low energy limit and the fundamental physial onstants an vary [12℄.
Besides fundamental physis motivations, all these theories have aquired a huge interest in osmology due to the
fat that they naturally" exhibit inationary behaviors able to overome the shortomings of Cosmologial Standard
Model (based on GR). The related osmologial models seem realisti and apable of mathing with the CMBR
observations [1315℄. Furthermore, it is possible to show that, via onformal transformations, the higher-order and
non-minimally oupled terms always orrespond to the Einstein gravity plus one or more than one minimally oupled
salar elds [1620℄.
More preisely, higher-order terms appear always as ontributions of order two in the eld equations. For example,
a term like R2 gives fourth order equations [21℄, R R gives sixth order equations [20, 22℄, R2R gives eighth order
equations [23℄ and so on. By a onformal transformation, any 2nd-order derivative term orresponds to a salar eld
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:
for example, fourth-order gravity gives Einstein plus one salar eld, sixth-order gravity gives Einstein plus two salar
elds and so on [20, 24℄.
Furthermore, it is possible to show that the f(R)-gravity is equivalent not only to a salar-tensor one but also to the
Einstein theory plus an ideal uid [25℄. This feature results very interesting if we want to obtain multiple inationary
events sine an early stage ould selet very large-sale strutures (lusters of galaxies today), while a late stage
ould selet small large-sale strutures (galaxies today) [22℄. The philosophy is that eah inationary era is related
to the dynamis of a salar eld. Finally, these extended shemes ould naturally solve the problem of graeful exit"
bypassing the shortomings of former inationary models [15, 26℄.
In addition to the revision of Standard Cosmology at early epohs (leading to the Ination), a new approah is
neessary also at late epohs. ETGs ould play a fundamental role also in this ontext. In fat, the inreasing bulk
of data that have been aumulated in the last few years have paved the way to the emergene of a new osmologial
model usually referred to as the Conordane Model.
The Hubble diagram of Type Ia Supernovae (hereafter SNeIa), measured by both the Supernova Cosmology Projet
[27℄ and the High - z Team [28℄ up to redshift z ∼ 1, has been the rst evidene that the Universe is undergoing a phase
of aelerated expansion. On the other hand, balloon born experiments, suh as BOOMERanG [29℄ and MAXIMA
[30℄, determined the loation of the rst and seond peak in the anisotropy spetrum of the osmi mirowave
bakground radiation (CMBR) strongly pointing out that the geometry of the Universe is spatially at. If ombined
with onstraints oming from galaxy lusters on the matter density parameter ΩM , these data indiate that the
Universe is dominated by a non-lustered uid with negative pressure, generially dubbed dark energy, whih is able
to drive the aelerated expansion. This piture has been further strengthened by the reent preise measurements
of the CMBR spetrum, due to the WMAP experiment [3133℄, and by the extension of the SNeIa Hubble diagram
to redshifts higher than 1 [34℄.
After these observational evidenes, an overwhelming ood of papers has appeared: they present a great variety
of models trying to explain this phenomenon. In any ase, the simplest explanation is laiming for the well known
1
The dynamis of suh salar elds is usually given by the orresponding Klein-Gordon Equation, whih is seond order.
3osmologial onstant Λ [35℄. Although it is the best t to most of the available astrophysial data [31℄, the ΛCDM
model fails in explaining why the inferred value of Λ is so tiny (120 orders of magnitude lower!) if ompared with
the typial vauum energy values predited by partile physis and why its energy density is today omparable to the
matter density (the so alled oinidene problem).
As a tentative solution, many authors have replaed the osmologial onstant with a salar eld rolling down its
potential and giving rise to the model now referred to as quintessene [36, 37℄. Even if suessful in tting the data,
the quintessene approah to dark energy is still plagued by the oinidene problem sine the dark energy and matter
densities evolve dierently and reah omparable values for a very limited portion of the Universe evolution oiniding
at present era. To be more preise, the quintessene dark energy is traking matter and evolves in the same way for
a long time. But then, at late time, somehow it has to hange its behavior into no longer traking the dark matter
but starting to dominate as a osmologial onstant. This is the oinidene problem of quintessene.
Moreover, it is not lear where this salar eld originates from, thus leaving a great unertainty on the hoie of
the salar eld potential. The subtle and elusive nature of dark energy has led many authors to look for ompletely
dierent senarios able to give a quintessential behavior without the need of exoti omponents. To this aim, it is
worth stressing that the aeleration of the Universe only laims for a negative pressure dominant omponent, but
does not tell anything about the nature and the number of osmi uids lling the Universe.
This onsideration suggests that it ould be possible to explain the aelerated expansion by introduing a single
osmi uid with an equation of state ausing it to at like dark matter at high densities and dark energy at low
densities. An attrative feature of these models, usually referred to as Unied Dark Energy (UDE) or Unied Dark
Matter (UDM) models, is that suh an approah naturally solves, al least phenomenologially, the oinidene problem.
Some interesting examples are the generalized Chaplygin gas [38℄, the tahyon eld [39℄ and the ondensate osmology
[40℄. A dierent lass of UDE models has been proposed [41℄ where a single uid is onsidered: its energy density
sales with the redshift in suh a way that the radiation dominated era, the matter era and the aelerating phase
an be naturally ahieved. It is worth notiing that suh lass of models are extremely versatile sine they an be
interpreted both in the framework of UDE models and as a two-uid senario with dark matter and salar eld dark
energy. The main ingredient of the approah is that a generalized equation of state an be always obtained and
observational data an be tted.
Atually, there is still a dierent way to fae the problem of osmi aeleration. As stressed in [42℄, it is possible
that the observed aeleration is not the manifestation of another ingredient in the osmi pie, but rather the rst
signal of a breakdown of our understanding of the laws of gravitation (in the infra-red limit).
From this point of view, it is thus tempting to modify the Friedmann equations to see whether it is possible to t
the astrophysial data with models omprising only the standard matter. Interesting examples of this kind are the
Cardassian expansion [43℄ and the DGP gravity [44℄. Moving in this same framework, it is possible to nd alternative
shemes where a quintessential behavior is obtained by taking into aount eetive models oming from fundamental
physis giving rise to generalized or higher-order gravity ations [45℄ (for a omprehensive review see [46℄).
For instane, a osmologial onstant term may be reovered as a onsequene of a non - vanishing torsion eld thus
leading to a model whih is onsistent with both SNeIa Hubble diagram and Sunyaev - Zel'dovih data oming from
lusters of galaxies [47℄. SNeIa data ould also be eiently tted inluding higher-order urvature invariants in the
gravity Lagrangian [48, 5052℄. It is worth notiing that these alternative models provide naturally a osmologial
omponent with negative pressure whose origin is related to the geometry of the Universe thus overoming the problems
linked to the physial signiane of the salar eld.
It is evident, from this short overview, the high number of osmologial models whih are viable andidates to
explain the observed aelerated expansion. This abundane of models is, from one hand, the signal of the fat that
we have a limited number of osmologial tests to disriminate among rival theories, and, from the other hand, that a
urgent degeneray problem has to be faed. To this aim, it is useful to remark that both the SNeIa Hubble diagram
and the angular size - redshift relation of ompat radio soures [53℄ are distane based methods to probe osmologial
models so then systemati errors and biases ould be iterated. From this point of view, it is interesting to searh for
tests based on time-dependent observables.
For example, one an take into aount the lookbak time to distant objets sine this quantity an disriminate
among dierent osmologial models. The lookbak time is observationally estimated as the dierene between the
present day age of the Universe and the age of a given objet at redshift z. Suh an estimate is possible if the objet
is a galaxy observed in more than one photometri band sine its olor is determined by its age as a onsequene
of stellar evolution. It is thus possible to get an estimate of the galaxy age by measuring its magnitude in dierent
bands and then using stellar evolutionary odes to hoose the model that reprodues the observed olors at best.
Coming to the weak-eld-limit approximation, whih essentially means onsidering Solar System sales, ETGs are
expeted to reprodue GR whih, in any ase, is rmly tested only in this limit [54℄. This fat is matter of debate sine
several relativisti theories do not reprodue exatly the Einstein results in the Newtonian approximation but, in some
sense, generalize them. As it was rstly notied by Stelle [57℄, a R2-theory gives rise to Yukawa-like orretions in the
4Newtonian potential. Suh a feature ould have interesting physial onsequenes. For example, some authors laim
to explain the at rotation urves of galaxies by using suh terms [58℄. Others [59℄ have shown that a onformal theory
of gravity is nothing else but a fourth-order theory ontaining suh terms in the Newtonian limit. Besides, indiations
of an apparent, anomalous, long-range aeleration revealed from the data analysis of Pioneer 10/11, Galileo, and
Ulysses spaerafts ould be framed in a general theoretial sheme by taking orretions to the Newtonian potential
into aount [60, 61℄.
In general, any relativisti theory of gravitation yields orretions to the Newton potential (see for example [62℄)
whih, in the post-Newtonian (PPN) formalism, ould be a test for the same theory [54℄. Furthermore the newborn
gravitational lensing astronomy [63℄ is giving rise to additional tests of gravity over small, large, and very large sales
whih soon will provide diret measurements for the variation of the Newton oupling [64℄, the potential of galaxies,
lusters of galaxies and several other features of self-gravitating systems.
Suh data will be, very likely, apable of onrming or ruling out the physial onsisteny of GR or of any ETG.
In summary, the general features of ETGs are that the Einstein eld equations result to be modied in two senses: i)
geometry an be non-minimally oupled to some salar eld, and/or ii) higher than seond order derivative terms in
the metri ome out. In the former ase, we generially deal with salar-tensor theories of gravity; in the latter, we
deal with higher-order theories. However ombinations of non-minimally oupled and higher-order terms an emerge
as ontributions in eetive Lagrangians. In this ase, we deal with higher-order-salar-tensor theories of gravity.
Considering a mathematial viewpoint, the problem of reduing more general theories to Einstein standard form has
been extensively treated; one an see that, through a Legendre transformation on the metri, higher-order theories,
under suitable regularity onditions on the Lagrangian, take the form of the Einstein one in whih a salar eld (or
more than one) is the soure of the gravitational eld (see for example [11, 6567℄); on the other side, as disussed
above, it has been studied the mathematial equivalene between models with variable gravitational oupling with
the Einstein standard gravity through suitable onformal transformations (see [68, 69℄).
In any ase, the debate on the physial meaning of onformal transformations is far to be solved [see [71℄ and
referenes therein for a omprehensive review℄. Several authors laim for a true physial dierene between Jordan
frame (higher-order theories and/or variable gravitational oupling) sine there are experimental and observational
evidenes whih point out that the Jordan frame ould be suitable to better math solutions with data. Others state
that the true physial frame is the Einstein one aording to the energy theorems [67℄. However, the disussion is
open and no denitive statement has been formulated up to now.
The problem should be faed from a more general viewpoint and the Palatini approah to gravity ould be useful
to this goal. The Palatini approah in gravitational theories was rstly introdued and analyzed by Einstein himself
[72℄. It was, however, alled the Palatini approah as a onsequene of an historial misunderstanding [73, 74℄.
The fundamental idea of the Palatini formalism is to onsider the (usually torsion-less) onnetion Γ, entering the
denition of the Rii tensor, to be independent of the metri g dened on the spaetimeM. The Palatini formulation
for the standard Hilbert-Einstein theory results to be equivalent to the purely metri theory: this follows from the fat
that the eld equations for the onnetion Γ, rstly onsidered to be independent of the metri, give the Levi-Civita
onnetion of the metri g. As a onsequene, there is no reason to impose the Palatini variational priniple in the
standard Hilbert-Einstein theory instead of the metri variational priniple.
However, the situation ompletely hanges if we onsider the ETGs, depending on funtions of urvature invariants,
as f(R), or non-minimally oupled to some salar eld. In these ases, the Palatini and the metri variational priniple
provide dierent eld equations and the theories thus derived dier [67, 75℄. The relevane of Palatini approah, in
this framework, has been reently proven in relation to osmologial appliations [45, 46, 7678℄.
It has also been studied the ruial problem of the Newtonian potential in alternative theories of Gravity and its
relations with the onformal fator [80℄. From a physial viewpoint, onsidering the metri g and the onnetion Γ as
independent elds means to deouple the metri struture of spaetime and its geodesi struture (being, in general,
the onnetion Γ not the Levi-Civita onnetion of g). The hronologial struture of spaetime is governed by g
while the trajetories of partiles, moving in the spaetime, are governed by Γ.
This deoupling enrihes the geometri struture of spaetime and generalizes the purely metri formalism. This
metri-ane struture of spaetime is naturally translated, by means of the same (Palatini) eld equations, into a bi-
metri struture of spaetime. Beside the physial metri g, another metri h is involved. This new metri is related,
in the ase of f(R)-gravity, to the onnetion. As a matter of fat, the onnetion Γ results to be the Levi-Civita
onnetion of h and thus provides the geodesi struture of spaetime.
If we onsider the ase of non-minimally oupled interation in the gravitational Lagrangian (salar-tensor theories),
the new metri h is related to the non-minimal oupling. The new metri h an be thus related to a dierent geometri
and physial aspet of the gravitational theory. Thanks to the Palatini formalism, the non-minimal oupling and the
salar eld, entering the evolution of the gravitational elds, are separated from the metri struture of spaetime.
The situation mixes when we onsider the ase of higher-order-salar-tensor theories. Due to these features, the
Palatini approah ould greatly ontribute to larify the physial meaning of onformal transformation [79℄.
5In this review paper, without laiming for ompleteness, we want to give a survey on the formal and physial aspets
of ETGs in metri and Palatini approahes, onsidering the osmologial and astrophysial appliations of some ETG
models.
The layout is the following. Set.II is a rapid overview of GR. We summarize what a good theory of gravity is
requested to do and what the foundations of the Einstein theory are. The goal is to demonstrate that ETGs have the
same theoretial bases but, in priniple, ould avoid some shortomings of GR whih is nothing else but a partiular
ase of ETG, f(R) = R.
The eld equations for generi ETGs are derived in Se.III. Speially, we disuss two interesting ases: f(R) and
salar-tensor theories onsidering their relations with GR by onformal transformations.
The Palatini approah and its intrinsi onformal struture is disussed in Se.IV giving some peuliar examples.
Cosmologial appliations are onsidered in Se.V. After a short summary of ΛCDM model, we show that dark
energy and quintessene issues an be addressed as "urvature eets", if ETGs (in partiular f(R) theories) are
onsidered. We work out some osmologial models omparing the solutions with data oming from observational
surveys. As further result, we show that also the stohasti osmologial bakground of gravitational waves ould be
"tuned" by ETGs. This fat ould open new perspetive also in the issues of detetion and prodution of gravitational
waves whih should be investigated not only in the standard framework of GR.
Se.VI is devoted to the galati dynamis under the standard of ETGs. Also in this ase, we show that at rotation
urves and haloes of spiral galaxies ould be explained as urvature eets whih give rise to orretions to the Newton
potential without taking into aount huge amounts of dark matter. Disussion and onlusions are drawn in Se.VII.
II. WHAT A GOOD THEORY OF GRAVITY HAS TO DO: GENERAL RELATIVITY AND ITS
EXTENSIONS
From a phenomenologial point of view, there are some minimal requirements that any relativisti theory of gravity
has to math. First of all, it has to explain the astrophysial observations (e.g. the orbits of planets, the potential of
self-gravitating strutures).
This means that it has to reprodue the Newtonian dynamis in the weak-energy limit. Besides, it has to pass the
lassial Solar System tests whih are all experimentally well founded [54℄.
As seond step, it should reprodue galati dynamis onsidering the observed baryoni onstituents (e.g. luminous
omponents as stars, sub-luminous omponents as planets, dust and gas), radiation and Newtonian potential whih
is, by assumption, extrapolated to galati sales.
Thirdly, it should address the problem of large sale struture (e.g. lustering of galaxies) and nally osmologial
dynamis, whih means to reprodue, in a self-onsistent way, the osmologial parameters as the expansion rate, the
Hubble onstant, the density parameter and so on. Observations and experiments, essentially, probe the standard
baryoni matter, the radiation and an attrative overall interation, ating at all sales and depending on distane:
the gravity.
The simplest theory whih try to satises the above requirements was formulated by Albert Einstein in the years
1915-1916 [81℄ and it is known as the Theory of General Relativity. It is rstly based on the assumption that spae
and time have to be entangled into a single spaetime struture, whih, in the limit of no gravitational fores, has to
reprodue the Minkowski spaetime struture. Einstein protted also of ideas earlier put forward by Riemann, who
stated that the Universe should be a urved manifold and that its urvature should be established on the basis of
astronomial observations [82℄.
In other words, the distribution of matter has to inuene point by point the loal urvature of the spaetime
struture. The theory, eventually formulated by Einstein in 1915, was strongly based on three assumptions that the
Physis of Gravitation has to satisfy.
The "Priniple of Relativity", that amounts to require all frames to be good frames for Physis, so that no preferred
inertial frame should be hosen a priori (if any exist).
The "Priniple of Equivalene", that amounts to require inertial eets to be loally indistinguishable from gravi-
tational eets (in a sense, the equivalene between the inertial and the gravitational mass).
The "Priniple of General Covariane", that requires eld equations to be "generally ovariant" (today, we would
better say to be invariant under the ation of the group of all spaetime dieomorphisms) [83℄.
And - on the top of these three priniples - the requirement that ausality has to be preserved (the "Priniple of
Causality", i.e. that eah point of spaetime should admit a universally valid notion of past, present and future).
Let us also reall that the older Newtonian theory of spaetime and gravitation - that Einstein wanted to reprodue
at least in the limit of small gravitational fores (what is alled today the "post-Newtonian approximation") - required
spae and time to be absolute entities, partiles moving in a preferred inertial frame following urved trajetories, the
urvature of whih (i.e., the aeleration) had to be determined as a funtion of the soures (i.e., the "fores").
6On these bases, Einstein was led to postulate that the gravitational fores have to be expressed by the urvature
of a metri tensor eld ds2 = gµνdx
µdxν on a four-dimensional spaetime manifold, having the same signature of
Minkowski metri, i.e., the so-alled "Lorentzian signature", herewith assumed to be (+,−,−,−). He also postulated
that spaetime is urved in itself and that its urvature is loally determined by the distribution of the soures, i.e. -
being spaetime a ontinuum - by the four-dimensional generalization of what in Continuum Mehanis is alled the
"matter stress-energy tensor", i.e. a rank-two (symmetri) tensor Tmµν .
One a metri gµν is given, its urvature is expressed by the Riemann (urvature) tensor
Rαβµν = Γ
α
βν,µ − Γαβµ,ν + ΓσβνΓασµ − ΓσβµΓασν (1)
where the omas are partial derivatives. Its ontration
Rαµαν = Rµν , (2)
is the "Rii tensor" and the salar
R = Rµµ = g
µνRµν (3)
is alled the "salar urvature" of gµν . Einstein was led to postulate the following equations for the dynamis of
gravitational fores
Rµν =
κ
2
Tmµν (4)
where κ = 8piG, with c = 1 is a oupling onstant. These equations turned out to be physially and mathematially
unsatisfatory.
As Hilbert pointed out [83℄, they were not of a variational origin, i.e. there was no Lagrangian able to reprodue
them exatly (this is slightly wrong, but this remark is unessential here). Einstein replied that he knew that the
equations were physially unsatisfatory, sine they were ontrasting with the ontinuity equation of any reasonable
kind of matter. Assuming that matter is given as a perfet uid, that is
Tmµν = (p+ ρ)uµuν − pgµν (5)
where uµuν is a omoving observer, p is the pressure and ρ the density of the uid, then the ontinuity equation
requires Tmµν to be ovariantly onstant, i.e. to satisfy the onservation law
∇µTmµν = 0 , (6)
where ∇µ denotes the ovariant derivative with respet to the metri.
In fat, it is not true that ∇µRµν vanishes (unless R = 0). Einstein and Hilbert reahed independently the
onlusion that the wrong eld equations (4) had to be replaed by the orret ones
Gµν = κT
m
µν (7)
where
Gµν = Rµν − 1
2
gµνR (8)
that is urrently alled the "Einstein tensor" of gµν . These equations are both variational and satisfy the onservation
laws (6) sine the following relation holds
∇µGµν = 0 , (9)
as a byprodut of the so-alled "Bianhi identities" that the urvature tensor of gµν has to satisfy [1℄.
The Lagrangian that allows to obtain the eld equations (7) is the sum of a "matter Lagrangian" Lm, the variational
derivative of whih is exatly Tmµν , i.e.
Tmµν =
δLm
δgµν
(10)
7and of a "gravitational Lagrangian", urrently alled the Hilbert-Einstein Lagrangian
LHE = g
µνRµν
√−g = R√−g , (11)
where
√−g denotes the square root of the value of the determinant of the metri gµν .
The hoie of Hilbert and Einstein was ompletely arbitrary (as it beame lear a few years later), but it was
ertainly the simplest one both from the mathematial and the physial viewpoint. As it was later laried by Levi-
Civita in 1919, urvature is not a "purely metri notion" but, rather, a notion related to the "linear onnetion" to
whih "parallel transport" and "ovariant derivation" refer [84℄.
In a sense, this is the preursor idea of what in the sequel would be alled a "gauge theoretial framework" [85℄,
after the pioneering work by Cartan in 1925 [86℄. But at the time of Einstein, only metri onepts were at hands
and his solution was the only viable.
It was later laried that the three priniples of relativity, equivalene and ovariane, together with ausality, just
require that the spaetime struture has to be determined by either one or both of two elds, a Lorentzian metri g
and a linear onnetion Γ, assumed to be torsionless for the sake of simpliity.
The metri g xes the ausal struture of spaetime (the light ones) as well as its metri relations (loks and
rods); the onnetion Γ xes the free-fall, i.e. the loally inertial observers. They have, of ourse, to satisfy a number
of ompatibility relations whih amount to require that photons follow null geodesis of Γ, so that Γ and g an be
independent, a priori, but onstrained, a posteriori, by some physial restritions. These, however, do not impose
that Γ has neessarily to be the Levi-Civita onnetion of g [87℄.
This justies - at least on a purely theoretial basis - the fat that one an envisage the so-alled "alternative theories
of gravitation", that we prefer to all "Extended Theories of Gravitation" sine their starting points are exatly those
onsidered by Einstein and Hilbert: theories in whih gravitation is desribed by either a metri (the so-alled "purely
metri theories"), or by a linear onnetion (the so-alled "purely ane theories") or by both elds (the so-alled
"metri-ane theories", also known as "rst order formalism theories"). In these theories, the Lagrangian is a salar
density of the urvature invariants onstruted out of both g and Γ.
The hoie (11) is by no means unique and it turns out that the Hilbert-Einstein Lagrangian is in fat the only hoie
that produes an invariant that is linear in seond derivatives of the metri (or rst derivatives of the onnetion).
A Lagrangian that, unfortunately, is rather singular from the Hamiltonian viewpoint, in muh than same way as
Lagrangians, linear in anonial momenta, are rather singular in Classial Mehanis (see e.g. [88℄).
A number of attempts to generalize GR (and unify it to Eletromagnetism) along these lines were followed by
Einstein himself and many others (Eddington, Weyl, Shrodinger, just to quote the main ontributors; see, e.g., [89℄)
but they were eventually given up in the fties of XX Century, mainly beause of a number of diulties related to
the denitely more ompliated struture of a non-linear theory (where by "non-linear" we mean here a theory that
is based on non-linear invariants of the urvature tensor), and also beause of the new understanding of Physis that
is urrently based on four fundamental fores and requires the more general "gauge framework" to be adopted (see
[90℄).
Still a number of sporadi investigations about "alternative theories" ontinued even after 1960 (see [54℄ and refs.
quoted therein for a short history). The searh of a oherent quantum theory of gravitation or the belief that gravity
has to be onsidered as a sort of low-energy limit of string theories (see, e.g., [91℄) - something that we are not willing
to enter here in detail - has more or less reently revitalized the idea that there is no reason to follow the simple
presription of Einstein and Hilbert and to assume that gravity should be lassially governed by a Lagrangian linear
in the urvature.
Further urvature invariants or non-linear funtions of them should be also onsidered, espeially in view of the
fat that they have to be inluded in both the semi-lassial expansion of a quantum Lagrangian or in the low-energy
limit of a string Lagrangian.
Moreover, it is lear from the reent astrophysial observations and from the urrent osmologial hypotheses that
Einstein equations are no longer a good test for gravitation at Solar System, galati, extra-galati and osmi sale,
unless one does not admit that the matter side of Eqs.(7) ontains some kind of exoti matter-energy whih is the
"dark matter" and "dark energy" side of the Universe.
The idea whih we propose here is muh simpler. Instead of hanging the matter side of Einstein Equations (7)
in order to t the "missing matter-energy" ontent of the urrently observed Universe (up to the 95% of the total
amount!), by adding any sort of inexpliable and strangely behaving matter and energy, we laim that it is simpler and
more onvenient to hange the gravitational side of the equations, admitting orretions oming from non-linearities
in the Lagrangian. However, this is nothing else but a matter of taste and, sine it is possible, suh an approah
should be explored. Of ourse, provided that the Lagrangian an be onveniently tuned up (i.e., hosen in a huge
family of allowed Lagrangians) on the basis of its best t with all possible observational tests, at all sales (solar,
galati, extragalati and osmi).
8Something that - in spite of some ommonly aepted but disguised opinion - an and should be done before rejeting
a priori a non-linear theory of gravitation (based on a non-singular Lagrangian) and insisting that the Universe has to
be neessarily desribed by a rather singular gravitational Lagrangian (one that does not allow a oherent perturbation
theory from a good Hamiltonian viewpoint) aompanied by matter that does not follow the behavior that standard
baryoni matter, probed in our laboratories, usually satises.
III. THE EXTENDED THEORIES OF GRAVITY
With the above onsiderations in mind, let us start with a general lass of higher-order-salar-tensor theories in
four dimensions
2
given by the ation
A =
∫
d4x
√−g
[
F (R,R,2R, ..kR, φ)− ε
2
gµνφ;µφ;ν + Lm
]
, (12)
where F is an unspeied funtion of urvature invariants and of a salar eld φ. The term Lm, as above, is the
minimally oupled ordinary matter ontribution. We shall use physial units 8piG = c = ~ = 1; ε is a onstant whih
speies the theory. Atually its values an be ε = ±1, 0 xing the nature and the dynamis of the salar eld whih
an be a standard salar eld, a phantom eld or a eld without dynamis (see [119, 120℄ for details).
In the metri approah, the eld equations are obtained by varying (12) with respet to gµν . We get
Gµν =
1
G
[
T µν +
1
2
gµν(F − GR) + (gµλgνσ − gµνgλσ)G;λσ
+
1
2
k∑
i=1
i∑
j=1
(gµνgλσ + gµλgνσ)(j−i);σ
(
i−j
∂F
∂iR
)
;λ
−gµνgλσ
(
(j−1R);σ
i−j ∂F
∂iR
)
;λ
]
, (13)
where Gµν is the above Einstein tensor and
G ≡
n∑
j=0
j
(
∂F
∂jR
)
. (14)
The dierential Eqs.(13) are of order (2k + 4). The stress-energy tensor is due to the kineti part of the salar eld
and to the ordinary matter:
Tµν = T
m
µν +
ε
2
[φ;µφ;ν − 1
2
φα; φ;α] . (15)
The (eventual) ontribution of a potential V (φ) is ontained in the denition of F . From now on, we shall indiate by
a apital F a Lagrangian density ontaining also the ontribution of a potential V (φ) and by F (φ), f(R), or f(R,R)
a funtion of suh elds without potential.
By varying with respet to the salar eld φ, we obtain the Klein-Gordon equation
εφ = −∂F
∂φ
. (16)
Several approahes an be used to deal with suh equations. For example, as we said, by a onformal transformation,
it is possible to redue an ETG to a (multi) salar-tensor theory of gravity [1820, 62, 92℄.
The simplest extension of GR is ahieved assuming
F = f(R) , ε = 0 , (17)
2
For the aims of this review, we do not need more ompliated invariants like RµνRµν , RµναβR
µναβ
, CµναβC
µναβ
whih are also
possible.
9in the ation (12); f(R) is an arbitrary (analyti) funtion of the Rii urvature salar R. We are onsidering here
the simplest ase of fourth-order gravity but we ould onstrut suh kind of theories also using other invariants in
Rµν or R
α
βµν . The standard Hilbert-Einstein ation is, of ourse, reovered for f(R) = R. Varying with respet to
gαβ , we get the eld equations
f ′(R)Rαβ − 1
2
f(R)gαβ = f
′(R);
µν
(gαµgβν − gαβgµν) , (18)
whih are fourth-order equations due to the term f ′(R);µν ; the prime indiates the derivative with respet to R.
Eq.(18) is also the equation for Tµν = 0 when the matter term is absent.
By a suitable manipulation, the above equation an be rewritten as:
Gαβ =
1
f ′(R)
{
1
2
gαβ [f(R)−Rf ′(R)] + f ′(R);αβ − gαβf ′(R)
}
, (19)
where the gravitational ontribution due to higher-order terms an be simply reinterpreted as a stress-energy tensor
ontribution. This means that additional and higher-order terms in the gravitational ation at, in priniple, as a
stress-energy tensor, related to the form of f(R). Considering also the standard perfet-uid matter ontribution, we
have
Gαβ =
1
f ′(R)
{
1
2
gαβ [f(R)−Rf ′(R)] + f ′(R);αβ − gαβf ′(R)
}
+
Tmαβ
f ′(R)
= T curvαβ +
Tmαβ
f ′(R)
, (20)
where T curvαβ is an eetive stress-energy tensor onstruted by the extra urvature terms. In the ase of GR, T
curv
αβ
identially vanishes while the standard, minimal oupling is reovered for the matter ontribution. The peuliar
behavior of f(R) = R is due to the partiular form of the Lagrangian itself whih, even though it is a seond order
Lagrangian, an be non-ovariantly rewritten as the sum of a rst order Lagrangian plus a pure divergene term. The
Hilbert-Einstein Lagrangian an be in fat reast as follows:
LHE = LHE
√−g =
[
pαβ(ΓρασΓ
σ
ρβ − ΓρρσΓσαβ) +∇σ(pαβuσαβ)
]
(21)
where:
pαβ =
√−ggαβ = ∂L
∂Rαβ
(22)
Γ is the Levi-Civita onnetion of g and uσαβ is a quantity onstruted out with the variation of Γ [1℄. Sine u
σ
αβ is not
a tensor, the above expression is not ovariant; however a standard proedure has been studied to reast ovariane
in the rst order theories [93℄. This learly shows that the eld equations should onsequently be seond order and
the Hilbert-Einstein Lagrangian is thus degenerate.
From the ation (12), it is possible to obtain another interesting ase by hoosing
F = F (φ)R − V (φ) , ε = −1 . (23)
In this ase, we get
A =
∫
d4x
√−g
[
F (φ)R +
1
2
gµνφ;µφ;ν − V (φ)
]
(24)
V (φ) and F (φ) are generi funtions desribing respetively the potential and the oupling of a salar eld φ. The
Brans-Dike theory of gravity is a partiular ase of the ation (24) for V (φ)=0 [94℄. The variation with respet to
gµν gives the seond-order eld equations
F (φ)Gµν = F (φ)
[
Rµν − 1
2
Rgµν
]
= −1
2
T φµν − gµνgF (φ) + F (φ);µν , (25)
here g is the d'Alembert operator with respet to the metri g The energy-momentum tensor relative to the salar
eld is
T φµν = φ;µφ;ν −
1
2
gµνφ;αφ
α
; + gµνV (φ) (26)
The variation with respet to φ provides the Klein - Gordon equation, i.e. the eld equation for the salar eld:
gφ−RFφ(φ) + Vφ(φ) = 0 (27)
where Fφ = dF (φ)/dφ, Vφ = dV (φ)/dφ. This last equation is equivalent to the Bianhi ontrated identity [95℄.
Standard uid matter an be treated as above.
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A. Conformal transformations
Let us now introdue onformal transformations to show that any higher-order or salar-tensor theory, in absene
of ordinary matter, e.g. a perfet uid, is onformally equivalent to an Einstein theory plus minimally oupled salar
elds. If standard matter is present, onformal transformations allow to transfer non-minimal oupling to the matter
omponent [67℄. The onformal transformation on the metri gµν is
g˜µν = e
2ωgµν (28)
in whih e2ω is the onformal fator. Under this transformation, the Lagrangian in (24) beomes
√−g
(
FR+
1
2
gµνφ;µφ;ν − V
)
=
√−g˜e−2ω
(
FR˜− 6Fg˜ω+
−6Fω;αωα; +
1
2
g˜µνφ;µφ;ν − e−2ωV
) (29)
in whih R˜ and g˜ are the Rii salar and the d'Alembert operator relative to the metri g˜. Requiring the theory in
the metri g˜µν to appear as a standard Einstein theory [70℄, the onformal fator has to be related to F , that is
e2ω = −2F. (30)
where F must be negative in order to restore physial oupling. Using this relation and introduing a new salar eld
φ˜ and a new potential V˜ , dened respetively by
φ˜;α =
√
3Fφ
2 − F
2F 2
φ;α, V˜ (φ˜(φ)) =
V (φ)
4F 2(φ)
, (31)
we see that the Lagrangian (29) beomes
√−g
(
FR+
1
2
gµνφ;µφ;ν − V
)
=
√
−g˜
(
−1
2
R˜+
1
2
φ˜;αφ˜
α
; − V˜
)
(32)
whih is the usual Hilbert-Einstein Lagrangian plus the standard Lagrangian relative to the salar eld φ˜. Therefore,
every non-minimally oupled salar-tensor theory, in absene of ordinary matter, e.g. perfet uid, is onformally
equivalent to an Einstein theory, being the onformal transformation and the potential suitably dened by (30) and
(31). The onverse is also true: for a given F (φ), suh that 3Fφ
2 − F > 0, we an transform a standard Einstein
theory into a non-minimally oupled salar-tensor theory. This means that, in priniple, if we are able to solve the eld
equations in the framework of the Einstein theory in presene of a salar eld with a given potential, we should be able
to get the solutions for the salar-tensor theories, assigned by the oupling F (φ), via the onformal transformation
(30) with the onstraints given by (31). Following the standard terminology, the Einstein frame is the framework of
the Einstein theory with the minimal oupling and the Jordan frame is the framework of the non-minimally oupled
theory [67℄.
In the ontext of alternative theories of gravity, as previously disussed, the gravitational ontribution to the stress-
energy tensor of the theory an be reinterpreted by means of a onformal transformation as the stress-energy tensor
of a suitable salar eld and then as matter" like terms. Performing the onformal transformation (28) in the eld
equations (19), we get:
G˜αβ =
1
f ′(R)
{
1
2
gαβ [f(R)−Rf ′(R)] + f ′(R);αβ − gαβf ′(R)
}
+ (33)
+2
(
ω;α;β + gαβω − ω;αω;β + 1
2
gαβω;γω
;γ
)
.
We an then hoose the onformal fator to be
ω =
1
2
ln |f ′(R)| , (34)
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whih has now to be substituted into (20). Resaling ω in suh a way that
kφ = ω , (35)
and k =
√
1/6, we obtain the Lagrangian equivalene
√−gf(R) =
√
−g˜
(
−1
2
R˜+
1
2
φ˜;αφ˜
α
; − V˜
)
(36)
and the Einstein equations in standard form
G˜αβ = φ;αφ;β − 1
2
g˜αβφ;γφ
;γ + g˜αβV (φ) , (37)
with the potential
V (φ) =
e−4kφ
2
[P(φ)−N (e2kφ) e2kφ] = 1
2
f(R)−Rf ′(R)
f ′(R)2
. (38)
Here N is the inverse funtion of P ′(φ) and P(φ) = ∫ exp(2kφ)dN . However, the problem is ompletely solved if
P ′(φ) an be analytially inverted. In summary, a fourth-order theory is onformally equivalent to the standard
seond-order Einstein theory plus a salar eld (see also [11, 65℄).
This proedure an be extended to more general theories. If the theory is assumed to be higher than fourth order, we
may have Lagrangian densities of the form [20, 73℄,
L = L(R,R, ...kR) . (39)
Every  operator introdues two further terms of derivation into the eld equations. For example a theory like
L = RR , (40)
is a sixth-order theory and the above approah an be pursued by onsidering a onformal fator of the form
ω =
1
2
ln
∣∣∣∣ ∂L∂R + ∂L∂R
∣∣∣∣ . (41)
In general, inreasing two orders of derivation in the eld equations (i.e. for every term R), orresponds to adding
a salar eld in the onformally transformed frame [20℄. A sixth-order theory an be redued to an Einstein theory
with two minimally oupled salar elds; a 2n-order theory an be, in priniple, redued to an Einstein theory plus
(n− 1)-salar elds. On the other hand, these onsiderations an be diretly generalized to higher-order-salar-tensor
theories in any number of dimensions as shown in [17℄.
As onluding remarks, we an say that onformal transformations work at three levels: i) on the Lagrangian
of the given theory; ii) on the eld equations; iii) on the solutions. The table below summarizes the situation for
fourth-order gravity (FOG), non-minimally oupled salar-tensor theories (NMC) and standard Hilbert-Einstein (HE)
theory. Clearly, diret and inverse transformations orrelate all the steps of the table but no absolute riterion, at
this point of the disussion, is able to selet whih is the physial" framework sine, at least from a mathematial
point of view, all the frames are equivalent [67℄. This point is up to now unsolved even if wide disussions are present
in literature [71℄.
LFOG ←→ LNMC ←→ LHE
l l l
FOG Eqs. ←→ NMC Eqs. ←→ Einstein Eqs.
l l l
FOG Solutions ←→ NMC Solutions ←→ Einstein Solutions
IV. THE PALATINI APPROACH AND THE INTRINSIC CONFORMAL STRUCTURE
As we said, the Palatini approah, onsidering g and Γ as independent elds, is intrinsially" bi-metri and apable
of disentangling the geodesi struture from the hronologial struture of a given manifold. Starting from these
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onsiderations, onformal transformations assume a fundamental role in dening the ane onnetion whih is merely
Levi-Civita" only for the Hilbert-Einstein theory.
In this setion, we work out examples showing how onformal transformations assume a fundamental physial role
in relation to the Palatini approah in ETGs [79℄.
Let us start from the ase of fourth-order gravity where Palatini variational priniple is straightforward in showing
the dierenes with Hilbert-Einstein variational priniple, involving only metri. Besides, osmologial appliations
of f(R) gravity have shown the relevane of Palatini formalism, giving physially interesting results with singularity
- free solutions [76℄. This last nie feature is not present in the standard metri approah.
An important remark is in order at this point. The Rii salar entering in f(R) is R ≡ R(g,Γ) = gαβRαβ(Γ)
that is a generalized Rii salar and Rµν(Γ) is the Rii tensor of a torsion-less onnetion Γ, whih, a priori, has
no relations with the metri g of spaetime. The gravitational part of the Lagrangian is ontrolled by a given real
analytial funtion of one real variable f(R), while
√−g denotes a related salar density of weight 1. Field equations,
deriving from the Palatini variational priniple are:
f ′(R)R(µν)(Γ)− 1
2
f(R)gµν = T
m
µν (42)
∇Γα(
√−gf ′(R)gµν) = 0 (43)
where ∇Γ is the ovariant derivative with respet to Γ. As above, we assume 8piG = 1. We shall use the standard
notation denoting by R(µν) the symmetri part of Rµν , i.e. R(µν) ≡ 12 (Rµν +Rνµ).
In order to get (43), one has to additionally assume that Lm is funtionally independent of Γ; however it may ontain
metri ovariant derivatives
g
∇ of elds. This means that the matter stress-energy tensor Tmµν = Tmµν(g,Ψ) depends
on the metri g and some matter elds denoted here by Ψ, together with their derivatives (ovariant derivatives with
respet to the Levi-Civita onnetion of g). From (43) one sees that
√−gf ′(R)gµν is a symmetri twie ontravariant
tensor density of weight 1. As previously disussed in [75, 79℄, this naturally leads to dene a new metri hµν , suh
that the following relation holds:
√−gf ′(R)gµν = √−hhµν . (44)
This ansatz is suitably made in order to impose Γ to be the Levi-Civita onnetion of h and the only restrition is
that
√−gf ′(R)gµν should be non-degenerate. In the ase of Hilbert-Einstein Lagrangian, it is f ′(R) = 1 and the
statement is trivial.
The above Eq.(44) imposes that the two metris h and g are onformally equivalent. The orresponding onformal
fator an be easily found to be f ′(R) (in dim M = 4) and the onformal transformation results to be ruled by:
hµν = f
′(R)gµν (45)
Therefore, as it is well known, Eq.(43) implies that Γ = ΓLC(h) and R(µν)(Γ) = Rµν(h) ≡ Rµν . Field equations an
be supplemented by the salar-valued equation obtained by taking the trae of (42), (we dene τ = trTˆ )
f ′(R)R− 2f(R) = gαβTmαβ ≡ τm (46)
whih ontrols solutions of (43). We shall refer to this salar-valued equation as the strutural equation of the
spaetime. In the vauum ase (and spaetimes lled with radiation, suh that τm = 0) this salar-valued equation
admits onstant solutions, whih are dierent from zero only if one add a osmologial onstant. This means that the
universality of Einstein eld equations holds [75℄, orresponding to a theory with osmologial onstant [96℄.
In the ase of interation with matter elds, the strutural equation (45), if expliitly solvable, provides an expression
of R = F (τ), where F is a generi funtion, and onsequently both f(R) and f ′(R) an be expressed in terms of τ .
The matter ontent of spaetime thus rules the bi-metri struture of spaetime and, onsequently, both the geodesi
and metri strutures whih are intrinsially dierent. This behavior generalizes the vauum ase and orresponds to
the ase of a time-varying osmologial onstant. In other words, due to these features, onformal transformations,
whih allow to pass from a metri struture to another one, aquire an intrinsi physial meaning sine selet" metri
and geodesi strutures whih, for a given ETG, in priniple, do not oinide.
Let us now try to extend the above formalism to the ase of non-minimally oupled salar-tensor theories. The
eort is to understand if and how the bi-metri struture of spaetime behaves in this ases and whih ould be its
geometri and physial interpretation.
We start by onsidering salar-tensor theories in the Palatini formalism, alling A1 the ation funtional. After, we
take into aount the ase of deoupled non-minimal interation between a salar-tensor theory and a f(R) theory,
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alling A2 this ation funtional. We nally onsider the ase of non-minimal-oupled interation between the salar
eld φ and the gravitational elds (g,Γ), alling A3 the orresponding ation funtional. Partiularly signiant is,
in this ase, the limit of low urvature R. This resembles the physial relevant ase of present values of urvatures of
the Universe and it is important for osmologial appliations.
The ation (24) for salar-tensor gravity an be generalized, in order to better develop the Palatini approah, as:
A1 =
∫ √−g [F (φ)R + ε
2
g
∇µ φ
g
∇
µ
φ− V (φ) + Lm(Ψ,
g
∇ Ψ)]d4x . (47)
As above, the values of ε = ±1 selets between standard salar eld theories and quintessene (phantom) eld theories.
The relative signature" an be seleted by onformal transformations. Field equations for the gravitational part of
the ation are, respetively for the metri g and the onnetion Γ:{
F (φ)[R(µν) − 12Rgµν ] = T φµν + Tmµν
∇Γα(
√−gF (φ)gµν ) = 0 (48)
R(µν) is the same dened in (42). For matter elds we have the following eld equations:{
εφ = −Vφ(φ) + Fφ(φ)R
δLm
δΨ = 0
. (49)
In this ase, the strutural equation of spaetime implies that:
R = −τ
φ + τm
F (φ)
(50)
whih expresses the value of the Rii salar urvature in terms of the traes of the stress-energy tensors of standard
matter and salar eld (we have to require F (φ) 6= 0). The bi-metri struture of spaetime is thus dened by the
ansatz:
√−gF (φ)gµν = √−hhµν (51)
suh that g and h result to be onformally related
hµν = F (φ)gµν . (52)
The onformal fator is exatly the interation fator. From (50), it follows that in the vauum ase τφ = 0 and
τm = 0: this theory is equivalent to the standard Einstein one without matter. On the other hand, for F (φ) = F0 we
reover the Einstein theory plus a minimally oupled salar eld: this means that the Palatini approah intrinsially
gives rise to the onformal struture (52) of the theory whih is trivial in the Einstein, minimally oupled ase.
As a further step, let us generalize the previous results onsidering the ase of a non-minimal oupling in the
framework of f(R) theories. The ation funtional an be written as:
A2 =
∫ √−g [F (φ)f(R) + ε
2
g
∇µ φ
g
∇
µ
φ− V (φ) + Lm(Ψ,
g
∇ Ψ)]d4x (53)
where f(R) is, as usual, any analytial funtion of the Rii salar R. Field equations (in the Palatini formalism) for
the gravitational part of the ation are:{
F (φ)[f ′(R)R(µν) − 12f(R)gµν ] = T φµν + Tmµν
∇Γα(
√−gF (φ)f ′(R)gµν) = 0 . (54)
For salar and matter elds we have, otherwise, the following eld equations:{
εφ = −Vφ(φ) +√−gFφ(φ)f(R)
δLm
δΨ = 0
(55)
where the non-minimal interation term enters into the modied Klein-Gordon equations. In this ase the strutural
equation of spaetime implies that:
f ′(R)R − 2f(R) = τ
φ + τm
F (φ)
. (56)
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We remark again that this equation, if solved, expresses the value of the Rii salar urvature in terms of traes of
the stress-energy tensors of standard matter and salar eld (we have to require again that F (φ) 6= 0). The bi-metri
struture of spaetime is thus dened by the ansatz:
√−gF (φ)f ′(R)gµν = √−hhµν (57)
suh that g and h result to be onformally related by:
hµν = F (φ)f
′(R)gµν . (58)
One the strutural equation is solved, the onformal fator depends on the values of the matter elds (φ,Ψ) or, more
preisely, on the traes of the stress-energy tensors and the value of φ. From equation (56), it follows that in the
vauum ase, i.e. both τφ = 0 and τm = 0, the universality of Einstein eld equations still holds as in the ase of
minimally interating f(R) theories [75℄. The validity of this property is related to the deoupling of the salar eld
and the gravitational eld.
Let us nally onsider the ase where the gravitational Lagrangian is a general funtion of φ and R. The ation
funtional an thus be written as:
A3 =
∫ √−g [K(φ,R) + ε
2
g
∇µ φ
g
∇
µ
φ− V (φ) + Lm(Ψ,
g
∇ Ψ)]d4x (59)
Field equations for the gravitational part of the ation are:
[
∂ K(φ,R)
∂R
]
R(µν) − 12K(φ,R)gµν = T φµν + Tmµν
∇Γα
(√−g [∂ K(φ,R)∂R ] gµν) = 0 . (60)
For matter elds, we have: {
εφ = −Vφ(φ) +
[
∂ K(φ,R)
∂φ
]
δLmat
δΨ = 0 .
(61)
The strutural equation of spaetime an be expressed as:
∂K(φ,R)
∂R
R− 2K(φ,R) = τφ + τm (62)
This equation, if solved, expresses again the form of the Rii salar urvature in terms of traes of the stress-energy
tensors of matter and salar eld (we have to impose regularity onditions and, for example, K(φ,R) 6= 0). The
bi-metri struture of spaetime is thus dened by the ansatz:
√−g∂K(φ,R)
∂R
gµν =
√−hhµν (63)
suh that g and h result to be onformally related by
hµν =
∂K(φ,R)
∂R
gµν (64)
Again, one the strutural equation is solved, the onformal fator depends just on the values of the matter elds and
(the trae of) their stress energy tensors. In other words, the evolution, the denition of the onformal fator and the
bi-metri struture is ruled by the values of traes of the stress-energy tensors and by the value of the salar eld φ.
In this ase, the universality of Einstein eld equations does not hold anymore in general. This is evident from (62)
where the strong oupling between R and φ avoids the possibility, also in the vauum ase, to ahieve simple onstant
solutions.
We onsider, furthermore, the ase of small values of R, orresponding to small urvature spaetimes. This limit
represents, as a good approximation, the present epoh of the observed Universe under suitably regularity onditions.
A Taylor expansion of the analytial funtion K(φ,R) an be performed:
K(φ,R) = K0(φ) +K1(φ)R + o(R
2) (65)
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where only the rst leading term in R is onsidered and we have dened:{
K0(φ) = K(φ,R)R=0
K1(φ) =
(
∂K(φ,R)
∂R
)
R=0
. (66)
Substituting this expression in (62) and (64) we get (negleting higher order approximations in R) the strutural
equation and the bi-metri struture in this partiular ase. From the strutural equation, we get:
R =
1
K1(φ)
[−(τφ + τm)− 2K0(φ)] (67)
suh that the value of the Rii salar is always determined, in this rst order approximation, in terms of τφ, τm, φ.
The bi-metri struture is, otherwise, simply dened by means of the rst term of the Taylor expansion, whih is
hµν = K1(φ)gµν . (68)
It reprodues, as expeted, the salar-tensor ase (52). In other words, salar-tensor theories an be reovered in a
rst order approximation of a general theory where gravity and non-minimal ouplings are any (ompare (67) with
(56)). This fat agrees with the above onsiderations where Lagrangians of physial interations an be onsidered as
stohasti funtions with loal gauge invariane properties [12℄.
Finally we have to say that there are also bi-metri theories whih annot be onformally related (see for example
the summary of alternative theories given in [54℄) and torsion eld should be taken into aount, if one wants to
onsider the most general viewpoint [55, 56℄. We will not take into aount these general theories in this review.
After this short review of ETGs in metri and Palatini approah, we are going to fae some remarkable appliations
to osmology and astrophysis. In partiular, we deal with the straightforward generalization of GR, the f(R) gravity,
showing that, in priniple, no further ingredient, a part a generalized gravity, ould be neessary to address issues as
missing matter (dark matter) and osmi aeleration (dark energy). However what we are going to onsider here are
nothing else but toy models whih are not able to t the whole expansion history, the struture growth law and the
CMB anisotropy and polarization. These issues require more detailed theories whih, up to now, are not available
but what we are disussing ould be a useful working paradigm as soon as rened experimental tests to probe suh
theories will be proposed and pursued. In partiular, we will outline an independent test, based on the stohasti
bakground of gravitational waves, whih ould be extremely useful to disriminate between ETGs and GR or among
the ETGs themselves. In this latter ase, the data delivered from ground-based interferometers, like VIRGO and
LIGO, or the forthoming spae interferometer LISA, ould be of extreme relevane in suh a disrimination.
Finally, we do not take into aount the well known inationary models based on ETGs (e.g. [13, 15℄) sine we
want to show that also the last osmologial epohs, diretly related to the so alled Preision Cosmology, an be
framed in suh a new "eonomi" sheme.
V. APPLICATIONS TO COSMOLOGY
As disussed in the Introdution, many rival theories have been advoated to t the observed aelerated expansion
and to solve the puzzle of dark energy.
As a simple lassiation sheme, we may divide the dierent osmologial models in three wide lasses. Aording
to the models of the rst lass, the dark energy is a new ingredient of the osmi Hubble ow, the simplest ase being
the ΛCDM senario and its quintessential generalization (the QCDM models).
This is in sharp ontrast with the assumption of UDE models (the seond lass) where there is a single uid
desribed by an equation of state omprehensive of all regimes of osmi evolution [41℄ (the parametri density models
or generalized EoS
3
models).
Finally, aording to the third lass of models, aelerated expansion is the rst evidene of a breakdown of the
Einstein GR (and thus of the Friedmann equations) whih has to be onsidered as a partiular ase of a more general
theory of gravity. As an example of this kind of models, we will onsider the f(R) - gravity [45, 46, 48, 50℄.
Far from being exhaustive, onsidering these three lasses of models allow to explore very dierent senarios proposed
to explain the observed osmi aeleration [97, 98, 105℄. However, from the above onsiderations, it is possible to
3
EoS for Equation of State.
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show that one of the simplest extension of GR, the f(R) gravity an, in priniple, address the dark energy issues both
in metri and Palatini approah. In this setion, without laiming for ompleteness, we sketh some f(R) models
mathing solutions against some sets of data. The goal is to show that the dark energy issue ould be addressed as a
urvature eet in ETGs.
A. The ΛCDM model: the paradigm
Cosmologial onstant Λ has beome a textbook andidate to drive the aelerated expansion of the spatially at
Universe. Despite its oneptual problems, the ΛCDM model turns out to be the best t to a ombined analysis
of ompletely dierent astrophysial data ranging from SNeIa to CMBR anisotropy spetrum and galaxy lustering
[31, 106℄. As a simple generalization, one may onsider the QCDM senario in whih the barotropi fator w ≡ p/ρ
takes at a ertain epoh a negative value with w = −1 orresponding to the standard osmologial onstant. Testing
whether suh a barotropi fator deviate or not from −1 is one of the main issue of modern observational osmology.
How suh a negative pressure uid drives the osmi aeleration may be easily understood by looking at the Friedmann
equations :
H2 ≡
(
a˙
a
)2
=
1
3
(ρm + ρΛ) , (69)
2
a¨
a
+H2 = −pΛ = −wρΛ , (70)
where a(t) is the sale fator of the Universe, the dot denotes dierentiation with respet to osmi time t, H is the
Hubble parameter and the Universe is assumed spatially at as suggested by the position of the rst peak in the
CMBR anisotropy spetrum (see also Fig.1). )[2931℄.
From the ontinuity equation, ρ˙+ 3H(ρ+ p) = 0, we get for the i - th uid with pi = wiρi :
Ωi = Ωi,0a
−3(1+wi) = Ωi,0(1 + z)
3(1+wi) , (71)
where z ≡ 1/a − 1 is the redshift, Ωi = ρi/ρcrit is the density parameter for the i - th uid in terms of the ritial
density whih, dened in standard units, is ρcrit = 3H
2
0/8piG and, hereafter, we label all the quantities evaluated
today with a subsript 0. It is important to stress that Eq.(71) works only for wi = onstant. Inserting this result
into Eq.(69), one gets :
H(z) = H0
√
ΩM,0(1 + z)3 +ΩΛ,0(1 + z)3(1+w) . (72)
The subsript M means all the matter ontent, inlusive of dark and baryoni omponents. Using Eqs.(69), (70) and
the denition of the deeleration parameter q ≡ −aa¨/a˙2, one nds :
q0 =
1
2
+
3
2
w(1 − ΩM,0) . (73)
The SNeIa Hubble diagram, the large sale galaxy lustering and the CMBR anisotropy spetrum an all be tted
by the ΛCDM model with (ΩM,0,ΩΛ) ≃ (0.3, 0.7) thus giving q0 ≃ −0.55, i.e. the Universe turns out to be in an
aelerated expansion phase. The simpliity of the model and its apability of tting the most of the data are the
reasons why the ΛCDM senario is the leading andidate to explain the dark energy osmology. Nonetheless, its
generalization, QCDM models, i.e. mehanisms allowing the evolution of Λ from the past are invoked to remove the
Λ-problem and the coincidence problem.
Here, we want to show that assuming f(R) gravity, not stritly linear in R as GR, it is possible to give rise to
the evolution of the barotropi fator w = p/ρ, today leading to the value w = −1, and to obtain models apable of
mathing with the observations. However, also if the paradigm ould result valid, it is very diult to address, in the
same omprehensive f(R) model, dierent issues as struture formation, nuleosynthesis, Hubble diagram, radiation
and matter dominated behaviors as we shall disuss below.
Before onsidering spei f(R) theories, let us disuss methods to onstrain models by samples of data.
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Figure 1: The CMBR anisotropy spetrum for dierent values of w. Data points are the WMAP measurements and the best
t is obtained for w ≃ −1. If w 6= −1 the lustering of dark energy has been onsidered in this plot.
B. Methods to onstrain models by distane and time indiators
In priniple, osmologial models an be onstrained using suitable distane and/or time indiators. As a general
remark, solutions oming from osmologial models have to be mathed with observations by using the redshift z as
the natural time variable for the Hubble parameter, i.e.
H(z) = − z˙
z + 1
. (74)
Data an be obtained for various values of redshift z: for example, CMB probes reombination at z ≃ 1100 and
z ≃ 1 via the late integrated Sahs-Wolfe eet; for 10 < z < 100 the planned 21m observations ould give detailed
information [134℄; futuristi LSS surveys and SNe ould probe the Universe up to z ≃ 4. The method onsists in
building up a reasonable pathwork of data oming from dierent epohs and then mathing them with the same
osmologial solution ranging, in priniple, from ination to present aelerated era.
In order to onstrain the parameters haraterizing the osmologial solution, a reasonable approah is to maximize
the following likelihood funtion :
L ∝ exp
[
−χ
2(p)
2
]
(75)
where p are the parameters haraterizing the osmologial solution. The χ2 merit funtion an be dened as :
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χ2(p) =
N∑
i=1
[
yth(zi,p)− yobsi
σi
]2
+
[R(p)− 1.716
0.062
]2
+
[A(p)− 0.469
0.017
]2
. (76)
Terms entering Eq.(76) an be haraterized as follows. For example, the dimensionless oordinate distanes y to
objets at redshifts z are onsidered in the rst term. They are dened as :
y(z) =
∫ z
0
dz′
E(z′)
(77)
where E(z) = H(z)/H0 is the normalized Hubble parameter. This is the main quantity whih allows to ompare the
theoretial results with data. The funtion y is related to the luminosity distane DL = (1 + z)y(z).
A sample of data at y(z) for the 157 SNeIa is disussed in the Riess et al. [34℄ Gold dataset and 20 radio-galaxies are
in [108℄. These authors t with good auray the linear Hubble law at low redshift (z < 0.1) obtaining the Hubble
dimensionless parameter h = 0.664±0.008 , with h the Hubble onstant in units of 100 km s−1 Mpc−1. Suh a number
an be onsistently taken into aount at low redshift. This value is in agreement with H0 = 72±8 km s−1 Mpc−1
given by the HST Key projet [109℄ based on the loal distane ladder and estimates oming from time delays in
multiply imaged quasars [110℄ and Sunyaev - Zel'dovih eet in X - ray emitting lusters [111℄. The seond term in
Eq.(76) allows to extend the z-range to probe y(z) up to the last sattering surfae (z ≥ 1000). The shift parameter
[112, 113℄ R ≡ √ΩMy(zls) an be determined from the CMBR anisotropy spetrum, where zls is the redshift of the
last sattering surfae whih an be approximated as zls = 1048
(
1 + 0.00124ω−0.738b
)
(1 + g1ω
g2
M ) with ωi = Ωih
2
(with i = b,M for baryons and total matter respetively) and (g1, g2) given in [114℄. The parameter ωb is onstrained
by the baryogenesis alulations ontrasted to the observed abundanes of primordial elements. Using this method,
the value ωb = 0.0214±0.0020 is found [115℄.
In any ase, it is worth notiing that the exat value of zls has a negligible impat on the results and setting
zls = 1100 does not hange onstraints and priors on the other parameters of the given model. The third term in the
funtion χ2 takes into aount the aousti peak of the large sale orrelation funtion at 100 h−1 Mpc separation,
deteted by using 46748 luminous red galaxies (LRG) seleted from the SDSS Main Sample [116, 117℄. The quantity
A =
√
ΩM
zLRG
[
zLRG
E(zLRG)
y2(zLRG)
]1/3
(78)
is related to the position of aousti peak where zLRG = 0.35 is the eetive redshift of the above sample. The
parameter A depends on the dimensionless oordinate distane (and thus on the integrated expansion rate), on ΩM
and E(z). This dependene removes some of the degeneraies intrinsi in distane tting methods.
Due to this reason, it is partiularly interesting to inlude A as a further onstraint on the model parameters using
its measured value A = 0.469±0.017 [116℄. Note that, although similar to the usual χ2 introdued in statistis, the
redued χ2 (i.e., the ratio between the χ2 and the number of degrees of freedom) is not fored to be 1 for the best t
model beause of the presene of the priors on R and A and sine the unertainties σi are not Gaussian distributed,
but take are of both statistial errors and systemati unertainties. With the denition (75) of the likelihood funtion,
the best t model parameters are those that maximize L(p).
In order to implement the above skethed method, muh attention, has been devoted to standard andles, i.e. astro-
physial objets whose absolute magnitudeM is known (or may be exatly predited) a priori so that a measurement
of the apparent magnitude m immediately gives the distane modulus µ = m−M . Speially, the distane to the
objet, estimated in Mp, is :
µ(z) = 5 logDL(z)/Mpc+ 25 (79)
with DL(z) the luminosity distane and z the redshift of the objet. The number 25 depends on the distane modulus
alulated in Mp. The relation between µ and z is what is referred to as Hubble diagram and it is an open window
on the osmography of the Universe. Furthermore, the Hubble diagram is a powerful osmologial test sine the
luminosity distane is determined by the expansion rate as :
DL(z) =
c
H0
(1 + z)
∫ z
0
dz′
E(z′)
(80)
19
with E(z) dened above. Being the Hubble diagram related to the luminosity distane and being DL determined by
the expansion rate H(z), it is lear why it may be used as an eient tool to test osmologial models and onstrain
their parameters.
To this aim, however, it is mandatory that the relation µ = µ(z) is measured up to high enough redshift sine,
for low z, DL redues to a linear funtion of the redshift (thus reovering the Hubble law) whatever the bakground
osmologial model is. This neessity laims for standard andles that are bright enough to be visible at suh high
redshift that the Hubble diagram may disriminate among dierent rival theories. SNeIa are, up to now, the objets
that best math these requirements.
It is thus not surprising that the rst evidenes of an aelerating Universe ame from the SNeIa Hubble diagram
and dediated survey (like the SNAP satellite [118℄) have been planned in order to inrease the number of SNeIa
observed and the redshift range probed.
A reliable ompilation of SNeIa is the Gold dataset released by Riess et al. [34℄. The authors have ompiled a
atalog ontaining 157 SNeIa with z in the range (0.01, 1.70) and visual absorption AV < 0.5. The distane modulus
of eah objet has been evaluated by using a set of alibrated methods so that the sample is homogenous in the sense
that all the SNeIa have been re-analyzed using the same tehnique in suh a way that the resulting Hubble diagram
is indeed reliable and aurate. Given a osmologial model assigned by a set of parameters p = (p1, . . . , pn), the
luminosity distane may be evaluated with Eq.(80) and the predited Hubble diagram ontrasted with the observed
SNeIa one. Constraints on the model parameters may then be extrated by mean of a χ2 - based analysis dening, in
this ase, the above χ2 as :
χ2SNeIa =
NSNeIa∑
i=1
[
µ(zi,p)− µobs(zi)
σi
]2
(81)
where σi is the error on the distane modulus at redshift zi and the sum is over the NSNeIa SNeIa observed. It is
worth stressing that the unertainty on measurements also takes into aount errors on the redshifts and they are not
Gaussian distributed.
As a onsequene, the redued χ2 (i.e., χ2SNeIa divided by the number of degrees of freedom) for the best t model
is not fored to be lose to unity. Nonetheless, dierent models may still be ompared on the basis of the χ2 value :
the lower is χ2SNeIa, the better the model ts the SNeIa Hubble diagram.
The method outlined is a simple and quite eient way to test whether a given model is a viable andidate to
desribe the late time evolution of the Universe. Nonetheless, it is aeted by some degeneraies that ould be only
partially broken by inreasing the sample size and extending the probed redshift range. A straightforward example may
help in eluidating this point. Let us onsider the at onordane osmologial model with matter and osmologial
onstant. It is :
E2(z) = ΩM (1 + z)
3 + (1− ΩM )
so that χ2SNeIa will only depend on the Hubble onstant H0 and the matter density parameter ΩM . Atually, we ould
split the matter term in a baryoni and a non-baryoni part denoting with Ωb the baryon density parameter. Sine
both baryons and non baryoni dark matter sales as (1+z)3, E(z) and thus the luminosity distane will depend only
on the total matter density parameter and we ould never onstrain Ωb by tting the SNeIa Hubble diagram. Similar
degeneraies ould also happen with other osmologial models thus stressing the need for omplementary probes to
be ombined with the SNeIa data. For a review, see the ontribution by Bob Nihols in this volume.
To this aim, a reently proposed test, based on the gas mass fration in galaxy lusters, an be onsidered. We
briey outline here the method referring the interested reader to the literature for further details [121, 122℄. Both
theoretial arguments and numerial simulations predit that the baryoni mass fration in the largest relaxed galaxy
lusters should be invariant with the redshift (see, e.g., Ref. [124℄).
However, this will only appear to be the ase when the referene osmology in making the baryoni mass fration
measurements mathes the true underlying osmology. From the observational point of view, it is worth notiing
that the baryoni ontent in galaxy lusters is dominated by the hot X - ray emitting intra-luster gas so that what is
atually measured is the gas mass fration fgas and it is this quantity that should be invariant with the redshift within
the aveat quoted above. Moreover, it is expeted that the baryoni fration in lusters equals the universal ratio
Ωb/ΩM so that fgas should indeed be given by b×Ωb/ΩM where the multipliative fator b is motivated by simulations
that suggest that the gas fration is slightly lower than the universal ratio beause of proesses that onvert part of
the gas into stars or ejet it outside the luster itself.
Following Ref. [123℄, we adopt the SCDM model (i.e., a at Universe with ΩM = 1 and h = 0.5, being h the Hubble
onstant in units of 100 km s−1 Mpc−1) as referene osmology in making the measurements so that the theoretial
expetation for the apparent variation of fgas with the redshift is [123℄ :
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fgas(z) =
bΩb
(1 + 0.19
√
h)ΩM
[
DSCDMA (z)
DmodA (z)
]1.5
(82)
where DSCDMA and D
mod
A is the angular diameter distane for the SCDM and the model to be tested respetively.
DA(z) may be evaluated from the luminosity distane DL(z) as :
DA(z) = (1 + z)
−2DL(z) (83)
with DL(z) given by Eq.(80) above.
In[123℄, it has been extensively analyzed the set of simulations in Ref. [124℄ to get b = 0.824±0.089. For values
in the 1σ range quoted above, the main results are independent on b. It is worth notiing that, while the angular
diameter distane depends on E(z) and thus on h and ΩM , the prefator in Eq.(82) makes fgas expliitly depending
on Ωb/ΩM so that a diret estimate of Ωb is (in priniple) possible. Atually, for the models whih we are going to
onsider, the quantity that is onstrained by the data is the ratio Ωb/ΩM rather than Ωb itself.
To simultaneously take into aount both the t to the SNeIa Hubble diagram and the test on the fgas data, it is
onvenient to perform a likelihood analysis dening the following likelihood funtion :
L(p) ∝ exp
[
−χ
2(p)
2
]
(84)
with :
χ2 = χ2SNeIa + χ
2
gas +
(
h− 0.72
0.08
)2
+
(
Ωb/ΩM − 0.16
0.06
)2
(85)
where it is possible to dene :
χ2gas =
Ngas∑
i=1
[
fgas(zi,p)− fobsgas(zi)
σgi
]2
(86)
being fobsgas(zi) the measured gas fration in a galaxy lusters at redshift zi with an error σgi and the sum is over the
Ngas lusters onsidered. In order to avoid possible systemati errors in the fgas measurement, it is desirable that
the luster is both highly luminous (so that the S/N ratio is high) and relaxed so that both merging proesses and
ooling ows are absent. A atalog of 26 large relaxed lusters, with a measurement of both the gas mass fration
fgas and the redshift z is in [123℄. These data an be used to perform a suitable likelihood analysis.
Note that, in Eq.(85), we have expliitly introdued two Gaussian priors to better onstrain the model parameters.
First, there is a prior on the Hubble onstant h determined by the results of the HST Key projet [125℄ from an
aurate alibration of a set of dierent loal distane estimators. Further, we impose a onstraint on the ratio
Ωb/ΩM by onsidering the estimates of Ωbh
2
and ΩMh
2
obtained by Tegmark et al. [126℄ from a ombined t to
the SNeIa Hubble diagram, the CMBR anisotropy spetrum measured by WMAP and the matter power spetrum
extrated from over 200000 galaxies observed by the SDSS ollaboration. It is worth notiing that, while our prior
on h is the same as that used by many authors when applying the fgas test [122, 123℄, it is ommon to put a seond
prior on Ωb rather than Ωb/ΩM . Atually, this hoie an be motivated by the peuliar features of the models whih
one is going to onsider.
With the denition (84) of the likelihood funtion, the best t model parameters are those that maximize L(p).
However, to onstrain a given parameter pi, one resorts to the marginalized likelihood funtion dened as :
Lpi(pi) ∝
∫
dp1 . . .
∫
dpi−1
∫
dpi+1 . . .
∫
dpnL(p) (87)
that is normalized at unity at maximum. The 1σ ondene regions are determined by δχ2 = χ2 − χ20 = 1, while the
ondition δχ2 = 4 delimited the 2σ ondene regions. It is worth stressing that δχ2 = 1 for 1-dimensional likelihoods.
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Here, χ20 is the value of the χ
2
for the best t model. Projetions of the likelihood funtion allow to show eventual
orrelations among the model parameters.
Using the method skethed above, the lasses of models whih we are going to study an be onstrained and seleted
by observations. However, most of the tests reently used to onstrain osmologial parameters (suh as the SNeIa
Hubble diagram and the angular size - redshift) are essentially distane - based methods. The proposal of Dalal et al.
[127℄ to use the lookbak time to high redshift objets is thus partiularly interesting sine it relies on a ompletely
dierent observable. The lookbak time is dened as the dierene between the present day age of the Universe and
its age at redshift z and may be omputed as :
tL(z,p) = tH
∫ z
0
dz′
(1 + z′)E(z′,p)
(88)
where tH = 1/H0 = 9.78h
−1 Gyr is the Hubble time, and, as above, E(z,p) is the dimensionless Hubble parameter,
where the set of parameters haraterizing the osmologial model, {p}, an be taken into aount. It is worth
notiing that, by denition, the lookbak time is not sensible to the present day age of the Universe t0 so that it
ould be possible that a model ts well the data on the lookbak time, but nonetheless it predits a wrong value for
t0. This latter parameter an be evaluated from Eq.(88) by hanging the upper integration limit from z to innity.
This shows that it is a dierent quantity indeed sine it depends on the full evolution of the Universe and not only
on how the Universe evolves from the redshift z to now. That is why this quantity an be expliitly introdued as a
further onstraint. However, it is possible to show from the observations that tL(z) onverges to t0 already at low z
and then the method an be onsidered reliable.
As an example, let us now sketh how to use the lookbak time and the age of the Universe to test a given
osmologial model. To this end, let us onsider an objet i at redshift z and denote by ti(z) its age dened as the
dierene between the age of the Universe when the objet was born, i.e. at the formation redshift zF , and the one
at z. It is :
ti(z) =
∫ ∞
z
dz′
(1 + z′)E(z′,p)
−
∫ ∞
zF
dz′
(1 + z′)E(z′,p)
=
∫ zF
z
dz′
(1 + z′)E(z′,p)
= tL(zF )− tL(z) . (89)
where, in the last row, we have used the denition (88) of the lookbak time. Suppose now we have N objets and
we have been able to estimate the age ti of the objet at redshift zi for i = 1, 2, . . . , N . Using the previous relation,
we an estimate the lookbak time tobsL (zi) as :
tobsL (zi) = tL(zF )− ti(z)
= [tobs0 − ti(z)]− [tobs0 − tL(zF )]
= tobs0 − ti(z)−∆f , (90)
where tobs0 is the today estimated age of the Universe and a delay fator an be dened as :
∆f = tobs0 − tL(zF ) . (91)
The delay fator is introdued to take into aount our ignorane of the formation redshift zF of the objet. Atually,
what an be measured is the age ti(z) of the objet at redshift z. To estimate zF , one should use Eq.(89) assuming a
bakground osmologial model. Sine our aim is to determine what is the bakground osmologial model, it is lear
that we annot infer zF from the measured age so that this quantity is ompletely undetermined.
It is worth stressing that, in priniple, ∆f should be dierent for eah objet in the sample unless there is a
theoretial reason to assume the same redshift at the formation of all the objets. If this is indeed the ase (as we
will assume later), then it is omputationally onvenient to onsider ∆f rather than zF as the unknown parameter
to be determined from the data. Again a likelihood funtion an be dened as :
Llt(p,∆f) ∝ exp [−χ2lt(p,∆f)/2] (92)
with :
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χ2lt =
1
N −Np + 1

[
ttheor0 (p)− tobs0
σtobs0
]2
+
N∑
i=1
[
ttheorL (zi,p)− tobsL (zi)√
σ2i + σ
2
t
]2 (93)
where Np is the number of parameters of the model, σt is the unertainty on t
obs
0 , σi the one on t
obs
L (zi) and the
supersript theor denotes the predited values of a given quantity. Note that the delay fator enters the denition of
χ2lt sine it determines t
obs
L (zi) from ti(z) in virtue of Eq.(90), but the theoretial lookbak time does not depend on
∆f .
In priniple, suh a method should work eiently to disriminate among the various dark energy models. Atually,
this is not exatly the ase due to the pauity of the available data whih leads to large unertainties on the estimated
parameters. In order to partially alleviate this problem, it is onvenient to add further onstraints on the models by
using Gaussian priors
4
on the Hubble onstant, i.e. redening the likelihood funtion as :
L(p) ∝ Llt(p) exp
[
−1
2
(
h− hobs
σh
)2]
∝ exp [−χ2(p)/2] (94)
where we have absorbed ∆f in the set of parameters p and have dened :
χ2 = χ2lt +
(
h− hobs
σh
)2
(95)
with hobs the estimated value of h and σh its unertainty. The HST Key projet results [109℄ an be used setting
(h, σh) = (0.72, 0.08). Note that this estimate is independent of the osmologial model sine it has been obtained
from loal distane ladder methods. The best t model parameters p may be obtained by maximizing L(p) whih is
equivalent to minimize the χ2 dened in Eq.(95).
It is worth stressing again that suh a funtion should not be onsidered as a statistial χ2 in the sense that it is
not fored to be of order 1 for the best t model to onsider a t as suessful. Atually, suh an interpretation is
not possible sine the errors on the measured quantities (both ti and t0) are not Gaussian distributed and, moreover,
there are unontrolled systemati unertainties that may also dominate the error budget.
Nonetheless, a qualitative omparison among dierent models may be obtained by omparing the values of this
pseudo χ2 even if this should not be onsidered as a denitive evidene against a given model. Having more than one
parameter, one obtains the best t value of eah single parameter pi as the value whih maximizes the marginalized
likelihood for that parameter dened in Eq.(87). After having normalized the marginalized likelihood to 1 at maximum,
one omputes the 1σ and 2σ ondene limits (CL) on that parameter by solving Lpi = exp (−0.5) and Lpi = exp (−2)
respetively. In summary, taking into aount the above proedures for distane and time measurements, one an
reasonably onstrain a given osmologial model. In any ase, the main and obvious issue is to have at disposal
suient and good quality data sets.
C. Samples of data to onstrain models: the ase of LSS for lookbak time
In order to apply the method outlined above, we need a set of distant objets whose distanes and ages an be
somehow estimated. As an example for the lookbak time method, let us onsider the lusters of galaxies whih seem
to be ideal andidates sine they an be deteted up to high redshift and their redshift, at formation epoh
5
is almost
4
The need for priors to redue the parameter unertainties is often advoated for osmologial tests. For instane, in Ref. [128℄ a strong
prior on ΩM is introdued to onstrain the dark energy equation of state. It is likely, that extending the dataset to higher redshifts and
reduing the unertainties on the age estimate will allow to avoid resorting to priors.
5
It is worth stressing that, in literature, the luster formation redshift is dened as the redshift at whih the last episode of star formation
happened. In this sense, we should modify our denition of ∆f by adding a onstant term whih takes are of how long is the star
formation proess and what is the time elapsed from the beginning of the Universe to the birth of the rst luster of galaxies. For this
reason, it is still possible to onsider the delay fator to be the same for all lusters, but it is not possible to infer zF from the tted
value of ∆f beause we do not know the detail of star formation history. This approah is partiular useful sine it allows to overome
the problem to onsider lower limits of the Universe age at z rather than the atual values.
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Color age Satter age
z N Age (Gyr) Ref z N Age (Gyr) Ref
0.60 1 4.53 [131℄ 0.10 55 10.65 [133℄
0.70 3 3.93 [131℄ 0.25 103 8.89 [133℄
0.80 2 3.41 [131℄ 1.27 1 1.60 [135℄
Table I: Main properties of the luster sample used for the analysis. The data in the left part of the Table refers to lusters
whose age has been estimated from the olor of the reddest galaxies (olor age), while that of lusters in the right part has
been obtained by the olor satter (satter age). For eah data point, we give the redshift z, the number N of lusters used,
the age estimate and the relevant referene.
the same for all the lusters. Furthermore, it is relatively easy to estimate their age from photometri data only. To
this end, the olor of their omponent galaxies, in partiular the reddest ones, is needed.
Atually, the stellar populations of the reddest galaxies beome redder and redder as they evolve. It is just a matter,
then, to assume a stellar population synthesis model, and to look at how old the latest episode of star formation should
be happened in the galaxy past to produe olors as red as the observed ones. This is what is referred to as olor
age. The main limitation of the method relies in the stellar population synthesis model, and on a few (unknown)
ingredients (among whih the metalliity and the star formation rate).
The hoie of the evolutionary model is a key step in the estimate of the olor age and the main soure of unertainty
[129℄. An alternative and more robust route to luster age is to onsider the olor satter (see [130℄ for an early
appliation of this approah). The argument, qualitatively, goes in this way : if galaxies have an extreme similarity
in their olor and nothing is onspiring to make the olor satter surreptitiously small, then the latest episode of star
formation should happen in the galaxy far past, otherwise the observed olor satter would be larger.
Quantitatively, the satter in olor should thus be equal to the derivative of olor with time multiplied the satter
of star formation times. The rst quantity may be predited using population synthesis models and turns out to be
almost the same for all the evolutionary models thus signiantly reduing the systemati unertainty. We will refer
to the age estimated by this method as satter age. The dataset we need to apply the method may be obtained using
the following proedure. First, for a given redshift zi, we ollet the olors of the reddest galaxies in a luster at that
redshift and then use one of the two methods outlined above to determine the olor or the satter age of the luster.
If more than one luster is available at that redshift, we average the results from dierent lusters in order to redue
systemati errors. Having thus obtained ti(zi), we then use Eq.(90) to estimate the value of the lookbak time at that
redshift.
Atually, what we measure is tobsL (zi) + d∆f that is the quantity that enters the denition (93) of χ
2
lt and then the
likelihood funtion. To estimate the olor age, following [131℄, it is possible to hoose, among the various available
stellar population synthesis models, the Kodama and Arimoto one [132℄, whih, unlike other models, allows a hemial
evolution negleted elsewhere. This gives us three points on the diagram z vs. tobsL obtained by applying the method
to a set of six lusters at three dierent redshifts as detailed in Table 1.
Using a large sample of low redshift SDSS lusters, it is possible to evaluate the satter age for lusters age at
z = 0.10 and z = 0.25 [133℄. Blakeslee et al. [135℄ applied the same method to a single, high redshift (z = 1.27)
luster. Colleting the data using both the olor age and the satter age, we end up with a sample of ∼ 160 lusters
at six redshifts (listed in Table 1) whih probe the redshift range (0.10, 1.27). This niely overlaps the one probed
by SNeIa Hubble diagram so that a omparison among our results and those from SNeIa is possible. We assume a
σ = 1 Gyr as unertainty on the luster age, no matter what is the method used to get that estimate.
Note that this is a very onservative hoie. Atually, if the error on the age were so large, the olor -magnitude
relation for reddest luster galaxies should have a large satter that is not observed. We have, however, hosen suh
a large error to take qualitatively into aount the systemati unertainties related to the hoie of the evolutionary
model.
Finally, we need an estimate of tobs0 to apply the method. Following Rebolo et al. [107℄, one an hoose (t
obs
0 , σt) =
(14.4, 1.4) Gyr as obtained by a ombined analysis of the WMAP and VSA data on the CMBR anisotropy spetrum
and SDSS galaxy lustering. Atually, this estimate is model dependent sine Rebolo et al. [107℄ impliitly assumes
that the ΛCDM model is the orret one. However, this value is in perfet agreement with tobs0 = 12.6
+3.4
−2.4 Gyr
determined from globular lusters age [64℄ and tobs0 > 12.5± 3.5 Gyr from radioisotopes studies [136℄. For this reason,
one is ondent that no systemati error is indued on the adopted method using the Rebolo et al. estimate for tobs0
even when testing osmologial models other than the ΛCDM one.
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D. Dark Energy as a urvature eet
The methods outlined above allow to onstrain dark energy models without onsidering the nature of dark on-
stituents. In [98℄, it is shown that the most popular quintessene (dark energy) models an be reprodued, in priniple,
only onsidering "urvature eets" i.e. only generalizing the theory of gravity to some f(R) whih is not supposed
to be simply linear in R. From our point of view, this approah seems "eonomi" and "onservative" and does not
laim for unknown fundamental ingredients, up to now not deteted, in the osmi uid
6
. As it is lear, from Eq.(20),
the urvature stress - energy tensor formally plays the role of a further soure term in the eld equations so that its
eet is the same as that of an eetive uid of purely geometri origin. Let us rewrite it here for onveniene:
T curvαβ =
1
f ′(R)
{
1
2
gαβ [f(R)−Rf ′(R)] + f ′(R);µν(gαµgβν − gαβgµν)
}
. (96)
Our aim is to show that suh a quantity provides all the ingredients we need to takle with the dark side of the
Universe. In fat, depending on the sales, suh a urvature uid an play, in priniple, the role of dark matter and
dark energy. To be more preise, also the oupling 1/f ′(R) in front of the matter stress energy tensor, see Eqs.(20),
plays a fundamental role in the dynamis sine it aets, in priniple, all the physial proesses (e.g. the nuleo-
synthesis) and the observable (luminous, lustered, baryoni) quantities. This means that the whole problem of the
dark side of the Universe ould be addressed onsidering a omprehensive theory where the interplay between the
geometry and the matter has to be reonsidered assuming non-linear ontributions and non-minimal ouplings in
urvature invariants.
From the osmologial point of view, in the standard framework of a spatially at homogenous and isotropi Uni-
verse, the osmologial dynamis is determined by its energy budget through the Friedmann equations. In partiular,
the osmi aeleration is ahieved when the r.h.s. of the aeleration equation remains positive. Speially the
Friedmann equation, in physial units, is
a¨
a
= −1
6
(ρtot + 3ptot) . (97)
The subsript tot denotes the sum of the urvature uid and the matter ontribution to the energy density and
pressure. From the above relation, the aeleration ondition, for a dust dominated model, leads to :
ρcurv + ρm + 3pcurv < 0→ wcurv < − ρtot
3ρcurv
(98)
so that a key role is played by the eetive quantities :
ρcurv =
1
f ′(R)
{
1
2
[f(R)−Rf ′(R)]− 3HR˙f ′′(R)
}
, (99)
and
wcurv = −1 +
R¨f ′′(R) + R˙
[
R˙f ′′′(R)−Hf ′′(R)
]
[f(R)−Rf ′(R)] /2− 3HR˙f ′′(R) , (100)
dedued from Eq.(96). As a rst simple hoie, one may neglet ordinary matter and assume a power - law form
f(R) = f0R
n
, with n a real number, whih represents a straightforward generalization of Einstein GR in the limit
n = 1. One an nd power - law solutions for a(t) providing a satisfatory t to the SNeIa data and a good agreement
with the estimated age of the Universe in the range 1.366 < n < 1.376 [48, 97℄. On the other side, one an develop the
same analysis in presene of the ordinary matter omponent, although in suh a ase, one has to solve numerially
the eld equations. Then, it is still possible to onfront the Hubble ow desribed by suh a model with the Hubble
diagram of SNeIa using the above mentioned methods. The data t turns out to be signiant (see Fig. 3) improving
the χ2 value and it xes the best t value at n = 3.46 when it is aounted only the baryon ontribute Ωb ≈ 0.04
(aording with BBN presriptions). It has to be remarked that onsidering dark matter does not modify the result
of the t, as it is evident from Fig. 3, in some sense positively supporting the assumption of no need for dark matter
6
Following the Oam razor presription: "Entia non sunt multiplianda praeter neessitatem."
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Figure 2: Best t urve to the SNeIa Hubble diagram for the power law Lagrangian model. Only data of Gold" sample of
SNeIa have been used.
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Figure 3: The Hubble diagram of 20 radio galaxies together with the Gold" sample of SNeIa, in term of the redshift as
suggested in [137℄. The best t urve refers to the Rn - gravity model without dark matter (left), while in the right panel it
is shown the dierene between the luminosity distanes alulated without dark matter and in presene of this omponent in
term of redshift. It is evident that the two behaviors are quite indistinguishable.
in this model. A part the simpliity of the power law model, the theoretial impliations of the best t values found
for n are telling us that dynamis related to osmologial onstant (whose theoretial shortomings are well known)
ould be seriously addressed by nding a reliable f(R) gravity model (see also [49℄).
From the evolution of the Hubble parameter in term of redshift, one an even alulate the age of Universe. In Fig.
4, it is skethed the age of the Universe as a funtion of the orrelation between the deeleration parameter q0 and
the model parameter n. The best t value n = 3.46 provides tuniv ≈ 12.41 Gyr.
It is worth notiing that onsidering f(R) = f0R
n
gravity is only the simplest generalization of the Einstein
theory. In other words, it has to be onsidered that Rn - gravity represents just a working hypothesis as there is no
overondene that suh a model is the orret nal gravity theory. In a sense, we want only to suggest that several
osmologial and astrophysial results an be well interpreted in the realm of a power law extended gravity model.
As matter of fat, this approah gives no rigidity about the value of the power n, although it would be preferable
to determine a model apable of working at dierent sales. Furthermore, we do not expet to be able to reprodue
the whole osmologial phenomenology by means of a simple power law model, whih has been demonstrated to be
not suiently versatile [139141℄.
For example, we an easily demonstrate that this model fails when it is analyzed with respet to its apability
of providing the orret evolutionary onditions for the perturbation spetra of matter overdensity. This point is
typially addressed as one of the most important issues whih suggest the need for dark matter. In fat, if one wants
to disard this omponent, it is ruial to math the experimental results related to the Large Sale Struture of the
Universe and the CMBR whih show, respetively at late time and at early time, the signature of the initial matter
spetrum.
As important remark, we notie that the quantum spetrum of primordial perturbations, whih provides the seeds of
matter perturbations, an be positively reovered in the framework of Rn - gravity. In fat, f(R) ∝ R2 an represent a
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Figure 4: Contour plot in the plane (q0 , n) desribing the Universe age as indued by R
n
- gravity model without dark matter.
The ontours refer to age ranging from 11 Gyr to 16 Gyr from up to down. The dashed urves dene the 1− σ region relative
to the best t Universe age suggested by the last WMAP release (13.73+0.13−0.17 Gyr) in the ase of Λ-CDM model [138℄. At the
best t n ≃ 3.5 for SNeIa, the measured q0 ≃ −0.5 gives a rather short age (about 11.5 Gyr) with respet to the WMAP
onstraint. This is an indiation that the f(R) model has to be further improved.
viable model with respet to CMBR data and it is a good andidate for osmologial Ination (see [144℄ and referenes
therein).
In order to develop the matter power spetrum suggested by this model, we resort to the equation for the matter
ontrast obtained in [145℄ in the ase of fourth order gravity (see even [146℄ for a review on osmologial perturbations
in f(R) - theories). This equation an be dedued onsidering the onformal Newtonian gauge for the perturbed metri
[145℄ :
ds2 = (1 + 2ψ)dt2 − a2(1 + 2φ)Σ3i=1(dxi) . (101)
where ψ and φ are now gravitational perturbation potentials. In GR, it is φ = −ψ, sine there is no anisotropi stress;
in ETGs, this relation breaks, in general, and the i 6= j omponents of eld equations give new relations between φ
and ψ.
In partiular, for f(R) gravity, due to the non-vanishing derivatives fR;i;j (with i 6= j), the φ − ψ relation beomes
sale dependent. Instead of the perturbation equation for the matter ontrast δ, we provide here its evolution in term
of the growth index F = d ln δ/d lna, whih is the diretly measured quantity at z ∼ 0.15 :
F ′(a)− F(a)
2
a
+
[
2
a
+
1
a
E′(a)
]
F(a)− 1− 2Q
2− 3Q ·
3Ωm a
−4
nE(a)2R˜n−1
= 0 , (102)
(the prime, in this ase, means the derivative with respet to a, n is the model parameter, being f(R) ∝ Rn),
E(a) = H(a)/H0, R˜ is the dimensionless Rii salar, and
Q = −2fRR k
2
fR a2
. (103)
For n = 1 the previous expression gives the ordinary growth index relation for the Cosmologial Standard Model. It
is lear, from Eq.(102), that suh a model suggests a sale dependene of the growth index whih is ontained into
the orretive term Q so that, when Q→ 0, this dependene an be reasonably negleted.
In the most general ase, one an resort to the limit aH < k < 10−2hMpc−1, where Eq.(102) is a good approxi-
mation, and non-linear eets on the matter power spetrum an be negleted. Studying numerially Eq.(102), one
obtains the growth index evolution in term of the sale fator; for the sake of simpliity, we assume the initial ondition
F(als) = 1 at the last sattering surfae as in the ase of matter-like domination. The results are summarized in
Fig.(5) - (6), where we have displayed, in parallel, the growth index evolution in Rn - gravity and in the ΛCDM model.
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Figure 5: Sale fator evolution of the growth index : (left) modied gravity, in the ase Ωm = Ωbar ∼ 0.04, for the SNeIa
best t model with n = 3.46, (right) the same evolution in the ase of a ΛCDM model. In the ase of Rn - gravity it is shown
also the dependene on the sale k. The three ases k = 0.01, 0.001, 0.0002 have been heked. Only the latter ase shows a
very small deviation from the leading behavior. Clearly, the trend is that the growth law saturates to F = 1 for higher redshifts
(i.e. a ∼ 0.001 to 0.01). This behavior agrees with observations sine we know that omparing CMB anisotropies and LSS, we
need roughly δ ∝ a between reombination and z ∼ 5 to generate the present LSS from the small utuations at reombination
seen in the CMB.
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Figure 6: The evolution of the growth index in terms of the sale fator when dark matter is inluded in the whole energy
budget. Again, the left plot shows the modied gravity evolution for the SNeIa best t model with n = 3.46, while the right
one refers to ΛCDM model.
In the ase of Ωm = Ωbar ∼ 0.04, one an observe a strong disagreement between the expeted rate of the growth
index and the behavior indued by power law fourth order gravity models.
This negative result is evidened by the predited value of F(az=0.15), whih has been observationally estimated
by the analysis of the orrelation funtion for 220000 galaxies in 2dFGRS dataset sample at the survey eetive depth
z = 0.15. The observational result suggests F = 0.58± 0.11 [147℄, while our model gives F(az=0.15) ∼ 0.117 (k =
0.01), 0.117 (k = 0.001), 0.122 (k = 0.0002).
Although this result seems frustrating with respet to the underlying idea to disard the dark matter omponent
from the osmologial dynamis, it does not give substantial improvement in the ase of Rn - gravity model plus dark
matter. In fat, as it is possible to observe from Fig.(6), even in this ase the growth index predition is far to be
in agreement with the ΛCDM model and again, at the observational sale z = 0.15, there is not enough growth of
perturbations to math the observed Large Sale Struture. In suh a ase one obtains : F(az=0.15) ∼ 0.29 (k =
0.01), 0.29 (k = 0.001), 0.31 (k = 0.0002), whih are quite inreased with respet to the previous ase but still very
far from the experimental estimate.
It is worth notiing that no signiant dierent results are obtained if one varies the power n. Of ourse in the ase
of n→ 1, one reovers the standard behavior if a osmologial onstant ontribution is added. These results seem to
suggest that an ETG model whih onsiders a simple power law of Rii salar, although osmologially relevant at
late times, is not viable to desribe the evolution of Universe at all sales.
In other words suh a sheme seems too simple to give aount of the whole osmologial phenomenology. In fat,
in [145℄ a gravity Lagrangian onsidering an exponential orretion to the Rii salar, f(R) = R + A exp(−BR)
(with A, B two onstants), gives a grow fator rate whih is in agreement with the observational results at least
in the dark matter ase. To orroborate this point of view, one has to onsider that when the hoie of f(R) is
performed starting from observational data (pursuing an inverse approah) as in [98℄, the reonstruted Lagrangian
is a non - trivial polynomial in term of the Rii salar, as we shall see below.
A result whih diretly suggests that the whole osmologial phenomenology an be aounted only by a suitable
non - trivial funtion of the Rii salar rather than a simple power law funtion. In this ase, osmologial equations,
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Figure 7: Comparison between predited and observed values of τ = tL(z) + ∆f for the best t ΛCDM model. Data in Table
I have been used.
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Figure 8: Comparison between predited and observed values of τ = tL(z) + ∆f for the best t f(R) power-law model as in
Fig.3. Data in Table I have been used. Also for this test, it is evident the strit onordane with ΛCDM model in Fig.7.
oming from an f(R) ation, an be redued to a linear third order dierential equation for the funtion f(R(z)),
where z is the redshift. The Hubble parameter H(z) inferred from the data and the relation between z and R an be
used to nally work out f(R).
This sheme provides even another interesting result. Indeed, one may onsider the expression for H(z) in a given
dark energy model as the input for the reonstrution of f(R) and thus work out a f(R) theory giving rise to the
same dynamis as the input model.
This suggests the intriguing possibility to onsider observationally viable dark energy models (suh as ΛCDM
and quintessene) only as eetive parameterizations of the urvature uid [98, 139℄. As matter of fat, the results
obtained with respet to the study of the matter power spetra in the ase of Rn - gravity do not invalidate the whole
approah, sine they an be referred to the too simple form of the model. Similar onsiderations an be developed for
osmologial solutions derived in Palatini approah (see [148℄ for details).
An important remark is in order at this point. If the power n is not a natural number, Rn models ould be not
analyti for R → 0. In this ase, the Minkowski spae is not a solution and, in general, the post-Minkowskian limit
of the theory ould be bad dened. Atually this is not a true shortoming if we onsider Rn-gravity as a toy model
for a (still unknown) self-onsistent and omprehensive theory working at all sales.
However, the disussion is not denitely losed sine some authors support the point of view that no f(R) theories
with f = R+ αRn, n 6= 1 an evolve from a matter-dominated epoh a(t) ∝ t2/3 to an aelerated phase [141℄. This
result ould be the end of suh theories, if the phase spae analysis of osmologial solutions is not orretly faed.
In [142℄, and reently in [143℄, it is shown that transient matter-dominated evolutions evolving toward aelerated
phases are atually possible and the lak of suh solutions in [141℄ depends on an inomplete parameterization of the
phase spae.
In general, by performing a onformal transformation on a generi f(R) gravity theory, it is possible to ahieve,
in the Einstein frame, dust matter behaviors whih are ompatible with observational presriptions. In addition, by
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exploiting the analogy between the two frames and between modied gravity and salar-tensor gravity, one an realize
that physial results, in the two onformally related frames, ould be ompletely dierent. In other words one an
pass from a non - phantom phase behavior (Einstein frame) to a phantom regime (Jordan frame) [25℄.
Now, we an suppose to hange ompletely the point of view. In fat, we an rely diretly with the Jordan frame
and we an verify if a dust matter regime is intrinsially ompatible with modied gravity.
As a rst example, one an ite the exat solution provided in [48℄, whih has been dedued working only in the
Jordan Frame (FRW Universe). In partiular, one is able to nd a power law regime for the sale fator whose rate
is onneted with the power n of the Lagrangian f(R) = f0R
n
.
In other words, one has a(t) = a0t
α
with α =
2n2 − 3n+ 1
2− n . Suh an exat solution is found out when only
baryoni matter is onsidered [153, 154℄. It is evident that suh a solution allows to obtain an ordinary matter
behavior (α = 2/3) for given values of the parameter n (i.e. n ∼ −0.13, n ∼ 1.29).
Suh solutions are nevertheless stable and no transition to aeleration phase then ours. In general, it is possible
to show that solutions of the type
a = a0(t− t0)
2n
3(1+w) , (104)
where w is the barotropi index of standard perfet uid, arises as a transient phase, and this phase evolves into an
aelerated solution representing an attrator for the system [142℄. In any ase, a single solution exatly mathing,
in sequene, radiation, matter and aelerated phases is unrealisti to be found out in the framework of simple
f(R)-power law theories. The disussion an be further extended as follows.
Modied gravity an span a wide range of analyti funtions of the Rii salar where f(R) = f0R
n
only represents
the simplest hoie. In general, one an reverse the perspetive and try to derive the form of gravity Lagrangian
diretly from the data or mimiking other osmologial models.
Suh an approah has been developed in [98℄, and allows to reover modied gravity Lagrangians by the Hubble
ow dynamis H(z): in partiular, it is possible to show that wide lasses of dark energy models worked out in the
Einstein frame an be onsistently reprodued by f(R)-gravity as quintessene models with exponential potential [99℄.
Clearly the approah works also for the ase of oupled quintessene salar elds. In other words, the dynamis of
H(z), onsidered in the Jordan frame, is reonstruted by observational data onsidered in the Einstein frame then
assuming one of the two frames as the "physial frame" ould be misleading. Here we further develop this approah
with the aim to show, in general, the viability of f(R) gravity to reover a matter-dominated phase apable of evolving
in a late aelerating phase.
From a formal point of view, the reonstrution of the gravity Lagrangian from data is based on the relation whih
expresses the Rii salar in terms of the Hubble parameter :
R = −6
(
H˙ + 2H2 +
k
a2
)
. (105)
Now, starting from the above the f(R) eld equations (20) one an reonstrut the form of f(R) from the Hubble
parameter as a funtion of the redshift z exploiting the relation (105) after this expression has been rewritten in term
of the redshift itself.
A key role in this disussion is played by the onservation equation for the urvature and the matter uids whih,
in the ase of dust matter, (i.e. pm = 0) gives :
ρ˙curv + 3H(1 + wcurv)ρcurv = − 1
f ′(R)
(ρ˙m + 3Hρm)
−ρm df
′(R)
dt
. (106)
In partiular, one may assume that the matter energy density is onserved :
ρm = ΩMρcrita
−3 = 3H20ΩM (1 + z)
3
(107)
with z = 1/a − 1 the redshift (having set a(t0) = 1), ΩM the matter density parameter (also here, quantities
labelled with the subsript 0 refers to present day (z = 0) values). Eq.(107) inserted into Eq.(106), allows to write a
onservation equation for the eetive urvature uid :
ρ˙curv + 3H(1 + wcurv)ρcurv = 3H
2
0ΩM (1 + z)
3
× R˙f
′′(R)
[f ′(R)]2
. (108)
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Atually, sine the ontinuity equation and the eld equations are not independent [98℄, one an redue to the following
single equation
H˙ = − 1
2f ′(R)
{
3H20ΩM (1 + z)
3 + R¨f ′′(R)+
+R˙
[
R˙f ′′′(R)−Hf ′′(R)
]}
, (109)
where all quantities an be expressed in term of redshift by means of the relation
d
dt
= −(1 + z)H d
dz
. In partiular,
for a at FRW metri, one has :
R = −6
[
2H2 − (1 + z)HdH
dz
]
, (110)
f ′(R) =
(
dR
dz
)−1
df
dz
, (111)
f ′′(R) =
(
dR
dz
)−2
d2f
dz2
−
(
dR
dz
)−3
d2R
dz2
df
dz
, (112)
f ′′′(R) =
(
dR
dz
)−3
d3f
dz3
+ 3
(
dR
dz
)−5(
d2R
dz2
)2
df
dz
+
−
(
dR
dz
)−4(
3
d2R
dz2
d2f
dz2
+
d3R
dz3
df
dz
)
. (113)
Now, we have all the ingredients to reonstrut the shape of f(R) by data or, in general, by the denition of a suitable
H(z) viable with respet to observational results. In partiular, we an show that a standard matter regime (neessary
to luster large sale struture) an arise, in this sheme, before the aelerating phase arises as, for example, in the
so alled quiessene model.
A quiessene model is based on an ordinary matter uid plus a osmologial omponent whose equation of state
w is onstant but an satter from w = −1. This approah represents the easiest generalization of the osmologial
onstant model, and it has been suessfully tested against the SNeIa Hubble diagram and the CMBR anisotropy
spetrum so that it allows to severely onstraint the barotropi index w [100℄.
It is worth notiing that these onstraints extend into the region w < −1, therefore models (phantom models)
violating the weak energy ondition are allowed. From the osmologial dynamis viewpoint, suh a model, by
denition, has to display an evolutionary rate of expansion whih moves from the standard matter regime to the
aelerated behavior in relation to the value of w. In partiular, this quantity parameterizes the transition point to
the aelerated epoh.
Atually, if it is possible to nd out a f(R)-gravity model ompatible with the evolution of the Hubble parameter
of the quiessene model, this result suggests that modied gravity is ompatible with a phase of standard matter
domination. To be preise, let us onsider the Hubble ow dened by this model, where, as above :
H(z) = H0
√
ΩM (1 + z)3 +ΩX(1 + z)3(1+w) (114)
with ΩX = (1−ΩM ) and w the onstant parameter dening the dark energy barotropi index. This denition of the
Hubble parameter implies:
R = −3H20
[
ΩM (1 + z)
3 +ΩX(1 − 3w)(1 + z)3(1+w)
]
. (115)
The ansatz in Eq.(114) allows to obtain from Eq.(109) a dierential relation for f(R(z)) whih an be solved numer-
ially by hoosing suitable boundary onditions. In partiular we hoose :(
df
dz
)
z=0
=
(
dR
dz
)
z=0
, (116)
31(
d2f
dz2
)
z=0
=
(
d2R
dz2
)
z=0
. (117)
f(z = 0) = f(R0) = 6H
2
0 (1− ΩM ) +R0 . (118)
A omment is in order here. We have derived the present day values of df/dz and d2f/dz2 by imposing the onsisteny
of the reonstruted f(R) theory with loal Solar System tests. One ould wonder whether tests on loal sales ould
be used to set the boundary onditions for a osmologial problem. It is easy to see that this is indeed meaningful.
Atually, the isotropy and homogeneity of the Universe ensure that the present day value of a whatever osmologial
quantity does not depend on where the observer is. As a onsequene, hypothetial observers living in the Andromeda
galaxy and testing gravity in his planetary system should get the same results. As suh, the present day values of df/dz
and d2f/dz2 adopted by these hypothetial observers are the same as those we have used, based on our Solar System
experiments. Therefore, there is no systemati error indued by our method of setting the boundary onditions.
One one has obtained the numerial solution for f(z), inverting again numerially Eq.(115), we may obtain z = z(R)
and nally get f(R) for several values of w.
It turns out that f(R) is the same for dierent models for low values of R and hene of z. This is a onsequene of
the well known degeneray among dierent quiessene models at low z that, in the standard analysis, leads to large
unertainties on w. This is reeted in the shape of the reonstruted f(R) that is almost w - independent in this
redshift range.
An analyti representation of the reonstruted fourth order gravity model, an be obtained onsidering that the
following empirial funtion
ln (−f) = l1 [ln (−R)]l2 [1 + ln (−R)]l3 + l4 (119)
approximates very well the numerial solution, provided that the parameters (l1, l2, l3, l4) are suitably hosen for a
given value of w. For instane, for w = −1 (the osmologial onstant) it is :
(l1, l2, l3, l4) = (2.6693, 0.5950, 0.0719,−3.0099) .
At this point, one an wonder if it is possible to improve suh a result onsidering even the radiation, although
energetially negligible. Rather than inserting radiation in the (114), a more general approah in this sense is to
onsider the Hubble parameter desending from a unied model like those disussed in [41℄. In suh a sheme one
takes into aount energy density whih sales as :
ρ(z) = A
(
1 +
1 + z
1 + zs
)β−α [
1 +
(
1 + z
1 + zb
)α]
(120)
having dened :
zs = 1/s− 1 , zb = 1/b− 1 . (121)
This model, with the hoie (α, β) = (3, 4), is able to mimi a Universe undergoing rst a radiation dominated era (for
z ≫ zs), then a matter dominated phase (for zb ≪ z ≪ zs) and nally approahing a de Sitter phase with onstant
energy.
In other words, it works in the way we are asking for. In suh a ase, the Hubble parameter an be written, in
natural units, as H =
√
ρ(z)
3 and one an perform the same alulation as in the quiessene ase.
As a nal result, it is again possible to nd out a suitable f(R)-gravity model whih, for numerial reasons, it is
preferable to interpolate as f(R)/R :
f(R)
R
= 1.02× R
R0
[
1 +
(
−0.04× ( R
R0
)0.31
+0.69× ( R
R0
)−0.53
)
× ln( R
R0
)
]
, (122)
where R0 is a normalization onstant. This result one more onfutes issues addressing modied gravity as inom-
patible with struture formation presriptions. In fat, also in this ase, it is straightforward to show that a phase of
ordinary matter (radiation and dust) domination an be obtained and it is followed by an aelerated phase.
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Furthermore, several reent studies are pointing out that large sale struture and CMBR anisotropy spetrum are
ompatible with f(R) gravity as disussed in details in [101, 102℄ for the metri approah and in [103℄ for the Palatini
approah.
In partiular, in [101℄, it is shown that several lasses of f(R) theories an tune the large-angle CMB anisotropy, the
shape of the linear matter power spetrum, and qualitatively hange the orrelations between the CMB and galaxy
surveys. All these phenomena are aessible with urrent and future data and will soon provide stringent tests for
suh theories at osmologial sales [104℄.
E. The stohasti bakground of Gravitational Waves "tuned" by f(R) Gravity
As we have seen, a pragmati point of view ould be to reonstrut the suitable theory of gravity starting from
data. The main issues of this inverse  approah is mathing onsistently observations at dierent sales and taking
into aount wide lasses of gravitational theories where ad ho hypotheses are avoided. In priniple, as disussed
in the previous setion, the most popular dark energy osmologial models an be ahieved by onsidering f(R)
gravity without onsidering unknown ingredients. The main issue to ahieve suh a goal is to have at disposal suitable
datasets at every redshift. In partiular, this philosophy an be taken into aount also for the osmologial stohasti
bakground of gravitational waves (GW) whih, together with CMBR, would arry, if deteted, a huge amount of
information on the early stages of the Universe evolution [149℄. Here, we want to show that osmologial information
oming from osmologial stohasti bakground of GWs ould onstitute a benhmark for osmologial models oming
from ETGs, in partiular for f(R).
As well known, GWs are perturbations hµν of the metri gµν whih transform as 3-tensors. The GW-equations in
the transverse-traeless gauge are
hji = 0 . (123)
Latin indexes run from 1 to 3. Our task is now to derive the analog of Eqs. (123) for a generi f(R). As we have
seen from onformal transformation, the extra degrees of freedom related to higher order gravity an be reast into a
salar eld being
g˜µν = e
2φgµν with e
2φ = f ′(R) . (124)
and
R˜ = e−2φ
(
R− 6φ− 6φ;δφ;δ
)
. (125)
The GW-equation is now
˜h˜ji = 0 (126)
where
˜ = e−2φ
(
+ 2φ;λ∇;λ
)
. (127)
Sine no salar perturbation ouples to the tensor part of gravitational waves, we have
h˜ji = g˜
ljδg˜il = e
−2φglje2φδgil = h
j
i (128)
whih means that hji is a onformal invariant. As a onsequene, the plane-wave amplitudes h
j
i (t) = h(t)e
j
i exp(ikmx
m),
where eji is the polarization tensor, are the same in both metris. This fat will assume a key role in the following
disussion.
In a FRW bakground, Eq.(126) beomes
h¨+
(
3H + 2φ˙
)
h˙+ k2a−2h = 0 (129)
being a(t) the sale fator, k the wave number and h the GW amplitude. Solutions are ombinations of Bessel's
funtions. Several mehanisms an be onsidered for the prodution of osmologial GWs. In priniple, we ould seek
for ontributions due to every high-energy proess in the early phases of the Universe.
In the ase of ination, GW-stohasti bakground is stritly related to dynamis of osmologial model. This
is the ase we are onsidering here. In partiular, one an assume that the main ontribution to the stohasti
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bakground omes from the ampliation of vauum utuations at the transition between the inationary phase and
the radiation era. However, we an assume that the GWs generated as zero-point utuations during the ination
undergo adiabatially damped osillations (∼ 1/a) until they reah the Hubble radius H−1. This is the partile
horizon for the growth of perturbations. Besides, any previous utuation is smoothed away by the inationary
expansion. The GWs freeze out for a/k ≫ H−1 and reenter the H−1 radius after the reheating. The reenter in the
Friedmann era depends on the sale of the GW. After the reenter, GWs an be onstrained by the Sahs-Wolfe eet
on the temperature anisotropy△T/T at the deoupling. More preisely, suh utuations are degenerated with salar
utuations, but GWs an, in priniple, be measured via B-polarization of the CMB. The measurement is very hard
to be performed, but many experiments in this diretion are presently planned. In any ase, △T/T an always be
used to derive onstraints.
If φ ats as the inaton, we have φ˙ ≪ H during the ination. Adopting the onformal time dη = dt/a, Eq. (129)
reads
h′′ + 2
χ′
χ
h′ + k2h = 0 (130)
where χ = aeφ. The derivation is now with respet to η. Inside the radius H−1, we have kη ≫ 1. Considering the
absene of gravitons in the initial vauum state, we have only negative-frequeny modes and then the solution of (130)
is
h = k1/2
√
2/pi
1
aH
C exp(−ikη) . (131)
C is the amplitude parameter. At the rst horizon rossing (aH = k) the averaged amplitude Akh = (k/2pi)
3/2 |h| of
the perturbation is
Akh =
1
2pi2
C . (132)
When the sale a/k beomes larger than the Hubble radius H−1, the growing mode of evolution is onstant, i.e.
it is frozen. It an be shown that △T/T . Akh, as an upper limit to Akh, sine other eets an ontribute to the
bakground anisotropy. From this onsideration, it is lear that the only relevant quantity is the initial amplitude
C in Eq. (131), whih is onserved until the reenter. Suh an amplitude depends on the fundamental mehanism
generating perturbations. Ination gives rise to proesses apable of produing perturbations as zero-point energy
utuations. Suh a mehanism depends on the gravitational interation and then (△T/T ) ould onstitute a further
onstraint to selet a suitable theory of gravity. Considering a single graviton in the form of a monohromati wave,
its zero-point amplitude is derived through the ommutation relations:
[h(t, x), pih(t, y)] = iδ
3(x− y) (133)
alulated at a xed time t, where the amplitude h is the eld and pih is the onjugate momentum operator. Writing
the Lagrangian for h
L˜ = 1
2
√
−g˜g˜µνh;µh;ν (134)
in the onformal FRW metri g˜µν , where the amplitude h is onformally invariant, we obtain
pih =
∂L˜
∂h˙
= e2φa3h˙ (135)
Eq. (133) beomes [
h(t, x), h˙(y, y)
]
= i
δ3(x− y)
a3e2φ
(136)
and the elds h and h˙ an be expanded in terms of reation and annihilation operators
h(t, x) =
1
(2pi)3/2
∫
d3k
[
h(t)e−ikx + h∗(t)e+ikx
]
, (137)
h˙(t, x) =
1
(2pi)3/2
∫
d3k
[
h˙(t)e−ikx + h˙∗(t)e+ikx
]
. (138)
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Figure 9: Evolution of the GW amplitude for some power-law behaviors of a(t) ∼ ts, φ ∼ tm and f(R) ∼ Rn. The sales of
time and amplitude stritly depend on the osmologial bakground giving a "signature" for the model.
The ommutation relations in onformal time are
[hh′∗ − h∗h′] = i(2pi)
3
a3e2φ
. (139)
From (131) and (132), we obtain C =
√
2pi2He−φ, where H and φ are alulated at the rst horizon-rossing and,
being e2φ = f ′(R), the remarkable relation
Akh =
H√
2f ′(R)
, (140)
holds for a generi f(R) theory at a given k. Clearly the amplitude of GWs produed during ination depends on the
theory of gravity whih, if dierent from GR, gives extra degrees of freedom. On the other hand, the Sahs-Wolfe eet
ould onstitute a test for gravity at early epohs. This probe ould give further onstraints on the GW-stohasti
bakground, if ETGs are independently probed at other sales.
In summary, the amplitudes of tensor GWs are onformally invariant and their evolution depends on the osmologial
bakground. Suh a bakground is tuned by a onformal salar eld whih is not present in the standard GR. Assuming
that primordial vauum utuations produe stohasti GWs, beside salar perturbations, kinematial distortions and
so on, the initial amplitude of these ones is a funtion of the f(R)-theory of gravity and then the stohasti bakground
an be, in a ertain sense tuned by the theory. Vieversa, data oming from the Sahs-Wolfe eet ould ontribute
to selet a suitable f(R) theory whih an be onsistently mathed with other observations. However, further and
aurate studies are needed in order to test the relation between Sahs-Wolfe eet and f(R) gravity. This goal ould
be ahieved very soon through the forthoming spae (LISA) and ground-based (VIRGO, LIGO) interferometers.
VI. APPLICATIONS TO GALACTIC DYNAMICS
The results obtained at osmologial sales motivates further appliations of ETGs, in partiular of f(R) theories.
In general, one is wondering whether ETG models, working as dark energy models, an also play a role to explain the
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dark matter phenomenology at sales of galaxies and lusters of galaxies.
Several studies have been pursued in this diretion [150℄ but the main goal remains that to seek a unied model
apable of explain dynamis at every sale without introduing ad ho omponents.
A. Dark matter as a urvature eet: the ase of at rotation urves of LSB galaxies
It is well known that, in the low energy limit, higher order gravity implies modied gravitational potentials [62, 151℄.
By onsidering the ase of a pointlike mass m and solving the vauum eld equations for a Shwarzshild - like metri
[152, 154℄, one gets as exat solution from a theory f(R) = f0R
n
, the modied gravitational potential :
Φ(r) = −Gm
2r
[
1 +
(
r
rc
)β]
(141)
where
β =
12n2 − 7n− 1−√36n4 + 12n3 − 83n2 + 50n+ 1
6n2 − 4n+ 2 (142)
whih orrets the ordinary Newtonian potential by a power - law term. As we will see, it has to be β > 0 and then
n > 0. In partiular, the best t value will be β ≃ 0.8 and then n = 3.2. Standard units have been onsidered here.
In partiular, this orretion sets in on sales larger than rc whih value depends essentially on the mass of the system
[154℄. This quantity deserves some disussion. As shown in [154℄, it is derived from the initial onditions of the models
and it orrelates with the ore masses of the LSB galaxies whih we have taken into aount. In some sense, it is
a sort of further gravitational radius, beside the standard Shwarzshild radius, whih rules the entral mass of the
galaxies, and then it is dierent for dierent systems. It is interesting to note that, given a generi 2n-order theory of
gravity, it is possible to nd out n harateristi radii [62℄ and it is intriguing to suspet that they ould likely rule
the struture and the stability of the astrophysial self-gravitating strutures [157℄. But this is a working hypothesis
whih has to be rmly demonstrated.
The orreted potential (141) redues to the standard Φ ∝ 1/r for n = 1 as it an be seen from the relation (142).
The generalization of Eq.(141) to extended systems is straightforward. We simply divide the system in innitesimal
mass elements and sum up the potentials generated by eah single element. In the ontinuum limit, we replae the
sum with an integral over the mass density of the system taking are of eventual symmetries of the mass distribution
[154℄. One the gravitational potential has been omputed, one may evaluate the rotation urve v2c (r) and ompare
it with the data. For extended systems, one has typially to resort to numerial tehniques, but the main eet may
be illustrated by the rotation urve for the pointlike ase :
v2c (r) =
Gm
2r
[
1 + (1− β)
(
r
rc
)β]
. (143)
Compared with the Newtonian result v2c = Gm/r, the orreted rotation urve is modied by the addition of the seond
term in the r.h.s. of Eq.(143). For 0 < β < 1, the orreted rotation urve is higher than the Newtonian one. Sine
measurements of spiral galaxies rotation urves signal a irular veloity higher than those whih are predited on the
basis of the observed luminous mass and the Newtonian potential, the above result suggests the possibility that suh a
modied gravitational potential may ll the gap between theory and observations without the need of additional dark
matter. It is worth notiing that the orreted rotation urve is asymptotially vanishing as in the Newtonian ase,
while it is usually laimed that observed rotation urves are at (i.e., asymptotially onstant). Atually, observations
do not probe vc up to innity, but only show that the rotation urve is at within the measurement unertainties up
to the last measured point. This fat by no way exludes the possibility that vc goes to zero at innity.
In order to observationally hek the above result, one an take into aount samples of low surfae brightness
(LSB) galaxies with well measured HI + Hα rotation urves extending far beyond the visible edge of the system.
LSB galaxies are known to be ideal andidates to test dark matter models sine, beause of their high gas ontent,
the rotation urves an be well measured and orreted for possible systemati errors by omparing 21 - m HI line
emission with optial Hα and [NII] data. Moreover, they are supposed to be dark matter dominated so that tting
their rotation urves without this elusive omponent ould be a strong evidene in favor of any suessful alternative
theory of gravity. The onsidered sample (Table II) ontains 15 LSB galaxies with data on the rotation urve, the
surfae mass density of the gas omponent and R - photometri band, disk photometry extrated from a larger
sample seleted by de Blok & Bosma [155℄. We assume the stars are distributed in a thin and irularly symmetri
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Id D µ0 rd rHI MHI Type
UGC 1230 51 22.6 4.5 101 58.0 Sm
UGC 1281 5.5 22.7 1.7 206 3.2 Sdm
UGC 3137 18.4 23.2 2.0 297 43.6 Sb
UGC 3371 12.8 23.3 3.1 188 12.2 Im
UGC 4173 16.8 24.3 4.5 178 21.2 Im
UGC 4325 10.1 21.6 1.6 142 7.5 SAm
NGC 2366 3.4 22.6 1.5 439 7.3 IB(s)m
IC 2233 10.5 22.5 2.3 193 13.6 SBd
NGC 3274 6.7 20.2 0.5 225 6.6 SABd
NGC 4395 3.5 22.2 2.3 527 9.7 SAm
NGC 4455 6.8 20.8 0.7 192 5.4 SBd
NGC 5023 4.8 20.9 0.8 256 3.5 Sd
DDO 185 5.1 23.2 1.2 136 1.6 IBm
DDO 189 12.6 22.6 1.2 167 10.5 Im
UGC 10310 15.6 22.0 1.9 130 12.6 SBm
Table II: Properties of sample galaxies. Explanation of the olumns : name of the galaxy, distane in Mp; disk entral surfae
brightness in the R band (orreted for galati extintion); disk salelength in kp; radius at whih the gas surfae density
equals 1 M⊙/pc
2
in arse; total HI gas mass in 108 M⊙; Hubble type as reported in the NED database.
Id β log rc fg Υ⋆ χ
2/dof σrms
UGC 1230 0.83 ± 0.02 -0.39 ± 0.09 0.15 ± 0.01 15.9 ± 0.5 2.97/8 0.96
UGC 1281 0.38 ± 0.01 -3.93 ± 0.80 0.65 ± 0.08 0.64 ± 0.33 3.48/21 1.05
UGC 3137 0.72 ± 0.03 -1.86 ± 0.06 0.65 ± 0.02 9.8 ± 0.9 48.1/26 1.81
UGC 3371 0.78 ± 0.05 -1.85 ± 0.01 0.41 ± 0.01 3.3 ± 0.2 0.48/15 1.30
UGC 4173 0.94 ± 0.02 -0.97 ± 0.22 0.34 ± 0.01 9.37 ± 0.04 0.12/10 0.52
UGC 4325 0.79 ± 0.07 -2.85 ± 0.44 0.70 ± 0.02 0.50 ± 0.05 0.09/13 1.19
NGC 2366 0.96 ± 0.14 -0.58 ± 0.42 0.64 ± 0.01 14.5 ± 0.9 28.6/25 1.10
IC 2233 0.42 ± 0.01 -3.50 ± 0.05 0.64 ± 0.01 1.29 ± 0.06 6.1/22 2.10
NGC 3274 0.71 ± 0.03 -2.30 ± 0.19 0.55 ± 0.03 2.3 ± 0.3 17.6/20 2.7
NGC 4395 0.13 ± 0.02 -3.68 ± 0.31 0.14 ± 0.01 7.6 ± 0.3 37.7/52 1.40
NGC 4455 0.87 ± 0.05 -2.32 ± 0.07 0.83 ± 0.01 0.42 ± 0.04 3.3/17 1.12
NGC 5023 0.81 ± 0.02 -2.54 ± 0.05 0.53 ± 0.02 0.91 ± 0.06 8.9/30 2.50
DDO 185 0.92 ± 0.10 -2.75 ± 0.35 0.90 ± 0.03 0.21 ± 0.07 5.03/5 0.81
DDO 189 0.54 ± 0.08 -2.40 ± 0.61 0.63 ± 0.04 4.2 ± 0.7 0.44/8 1.08
UGC 10310 0.72 ± 0.04 -1.87 ± 0.04 0.59 ± 0.02 1.39 ± 0.04 2.90/13 1.02
Table III: Best t values of the model parameters from minimizing χ2(β, log rc, fg). The values of Υ⋆, the χ
2/dof are reported
for the best t parameters (with dof = N − 3 and N the number of datapoints) and the root mean square σrms of the t
residuals. Errors on the tting parameters and the M/L ratio are estimated through the jaknife method hene do not take
into aount parameter degeneraies [154℄.
disk with surfae density Σ(r) = Υ⋆I0exp(−r/rd) where the entral surfae luminosity I0 and the disk salelength rd
are obtained from tting to the stellar photometry. The gas surfae density has been obtained by interpolating the
data over the range probed by HI measurements and extrapolated outside this range.
When tting to the theoretial rotation urve, there are three quantities to be determined, namely the stellar mass -
to - light (M/L) ratio, Υ⋆ and the theory parameters (β, rc). It is worth stressing that, while t results for dierent
galaxies should give the same β, rc is related to one of the integration onstants of the eld equations. As suh, it is
not a universal quantity and its value must be set on a galaxy - by - galaxy basis. However, it is expeted that galaxies
having similar properties in terms of mass distribution have similar values of rc so that the satter in rc must reet
somewhat the satter in the terminal irular veloities. In order to math the model with the data, we perform a
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Figure 10: Best t theoretial rotation urve superimposed to the data for the LSB galaxy NGC 4455 (left) and NGC 5023
(right). These two ases are onsidered to better show the eet of the orretion to the Newtonian gravitational potential.
We report the total rotation urve vc(r) (solid line), the Newtonian one (short dashed) and the orreted term (long dashed).
likelihood analysis for eah galaxy, using, as tting parameters β, log rc (with rc in kp) and the gas mass fration
7
fg. As it is evident onsidering the results from the dierent ts summarized in Table III, the experimental data are
suessfully tted by the model. In partiular, the best t range of β (β = 0.80± 0.08), orresponding to Rn gravity
with 2.3 < n < 5.3 (best t value n = 3.2), seems well overlaps the above mentioned range of n tting SNeIa Hubble
diagram.
However, these are only preliminary results whih do not ompletely solve the problem of dark matter in galaxies
by models oming from ETGs and do not t the growth of strutures. In any ase, further evidenes on the same
line of thinking are oming from other samples of galaxies (where also high surfae brightness galaxies are onsidered)
[156℄, or from galaxy lusters, where the dark matter range is ompletely dierent [157℄.
B. Dark Matter Halos inspired by f(R) - gravity
At this point, it is worth wondering whether a link may be found between f(R) gravity and the standard approah
based on dark matter haloes sine both theories t equally well the same data. The trait - de - union between these two
dierent shemes an be found in the modied gravitational potential whih indues a orretion to the rotation urve
in a similar manner as a dark matter halo does. As a matter of fat, it is possible to dene an eetive dark matter
halo by imposing that its rotation urve equals the orretion term to the Newtonian urve indued by f(R) gravity.
Mathematially, one has to split the total rotation urve derived from f(R) gravity as v2c (r) = v
2
c,N(r) + v
2
c,corr(r)
where the seond term is the orretion. Considering, for simpliity a spherial halo where a thin exponential disk is
embedded, one an write the total rotation urve as v2c (r) = v
2
c,disk(r) + v
2
c,DM (r) with v
2
c,disk(r) the Newtonian disk
rotation urve and v2c,DM (r) = GMDM (r)/r the dark matter one, MDM (r) being its mass distribution. Equating the
two expressions, we get :
MDM (η) =Mvir
(
η
ηvir
)
2β−5η−βc (1− β)η
β−5
2 I0(η)− Vd(η)
2β−5η−βc (1− β)η β−52 I0(ηvir)− Vd(ηvir)
. (144)
with η = r/rd, Σ0 = Υ⋆i0, Vd(η) = I0(η/2)K0(η/2)× I1(η/2)K1(η/2) and8 :
I0(η, β) =
∫ ∞
0
F0(η, η′, β)k3−βη′
β−1
2 e−η
′
dη′ (145)
with F0 only depending on the geometry of the system and vir" indiating virial quantities. Eq.(144) denes the
mass prole of an eetive spherially symmetri dark matter halo whose ordinary rotation urve provides the part of
the orreted disk rotation urve due to the addition of the urvature orretive term to the gravitational potential. It
7
This is related to the M/L ratio as Υ⋆ = [(1−fg)Mg]/(fgLd) with Mg = 1.4MHI the gas (HI + He) mass,Md = Υ⋆Ld and Ld = 2piI0r
2
d
the disk total mass and luminosity.
8
Here Il and Kl, with l = 1, 2 are the Bessel funtions of rst and seond type.
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Figure 11: Best t urves superimposed to the data for the total sample of 15 LSB galaxies onsidered.
is evident that, from an observational viewpoint, there is no way to disriminate between this dark halo model and a
f(R) power-law gravity model. Having assumed spherial symmetry for the mass distribution, it is straightforward to
ompute the mass density for the eetive dark halo as ρDM (r) = (1/4pir
2)dMDM/dr. The most interesting features of
the density prole are its asymptoti behaviors that may be quantied by the logarithmi slope αDM = d ln ρDM/d ln r
whih an be numerially omputed as funtion of η for xed values of β (or n). As expeted, αDM depends expliitly
on β, while (rc,Σ0, rd) enter indiretly through ηvir . The asymptoti values at the enter and at innity denoted as
α0 and α∞ result partiularly interesting. It turns out that α0 almost vanishes so that in the innermost regions the
density is approximately onstant. Indeed, α0 = 0 is the value orresponding to models having an inner ore suh
as the ored isothermal sphere [158℄ and the Burkert model [159℄. Moreover, it is well known that galati rotation
urves are typially best tted by ored dark halo models (see, e.g., [160℄ and referenes therein). On the other hand,
the outer asymptoti slope is between −3 and −2, that are values typial of most dark halo models in literature. In
partiular, for β = 0.80 one nds (α0, α∞) = (−0.002,−2.41), whih are quite similar to the value for the Burkert
model (0,−3). It is worth notiing that the Burkert model has been empirially proposed to provide a good t to the
LSB and dwarf galaxies rotation urves. The values of (α0, α∞) we nd for our best t eetive dark halo therefore
suggest a possible theoretial motivation for the Burkert - like models. Due to the onstrution, the properties of the
39
eetive dark matter halo are losely related to the disk one. As suh, we do expet some orrelation between the dark
halo and the disk parameters. To this aim, exploiting the relation between the virial mass and the disk parameters,
one an obtain a relation for the Newtonian virial veloity Vvir = GMvir/Rvir :
Md ∝ (3/4piδthΩmρcrit)
1−β
4 r
1+β
2
d η
β
c
2β−6(1− β)G 5−β4
V
5−β
2
vir
I0(Vvir , β) . (146)
One an numerially hek that Eq.(146) may be well approximated asMd ∝ V avir whih has the same formal struture
as the baryoni Tully - Fisher (BTF) relation Mb ∝ V aflat with Mb the total (gas + stars) baryoni mass and Vflat the
irular veloity on the at part of the observed rotation urve. In order to test whether the BTF an be explained
thanks to the eetive dark matter halo we are proposing, we should look for a relation between Vvir and Vflat. This is
not analytially possible sine the estimate of Vflat depends on the peuliarities of the observed rotation urve suh as
how far it extends and the unertainties on the outermost points. Therefore, for given values of the disk parameters, it
is possible to simulate theoretial rotation urves for some values of rc and measure Vflat nally hoosing the duial
value for rc whih gives a value of Vflat as similar as possible to the measured one. Inserting the relation thus found
between Vflat and Vvir into Eq.(146) and averaging over dierent simulations, one nally gets :
logMb = (2.88± 0.04) logVflat + (4.14± 0.09) (147)
while a diret t to the observed data gives [161℄ :
logMb = (2.98± 0.29) logVflat + (3.37± 0.13) . (148)
The slope of the predited and observed BTF are in good agreement leading further support to the f(R) gravity
model. The zeropoint is markedly dierent with the predited one being signiantly larger than the observed one,
but it is worth stressing, however, that both relations t the data with similar satter. A disrepany in the zeropoint
may be due to the approximate treatment of the eetive halo whih does not take into aount the gas omponent.
Negleting this term, one should inrease the eetive halo mass and hene Vvir whih aets the relation with Vflat
leading to a higher than observed zeropoint. Indeed, the larger is Mg/Md, the more the point deviate from our
predited BTF thus onrming our hypothesis. Given this aveat, we may therefore onlude with ondene that
f(R) gravity oers a theoretial foundation even for the empirially found BTF relation.
All these results onverge toward the piture that data oming from observations at galati, extragalati and
osmologial sales ould be seriously framed in ETGs without onsidering huge amounts of dark energy and dark
matter.
VII. DISCUSSION AND CONCLUSIONS
Extended Theories of Gravity an be onsidered as the natural extension of General Relativity. Also if they are
not the nal theory of gravity at fundamental level (i.e. quantum gravity), they ould be a useful approah to
address several shortomings of GR. In fat, also at Solar System sales, where GR has been strongly onrmed, some
onundrums ome out as the indiations of an apparent, anomalous, long-range aeleration revealed from the data
analysis of Pioneer 10/11, Galileo, and Ulysses spaerafts. Suh results are diult to be framed in the standard
theory of GR and in its low energy limit [60℄.
Furthermore, at galati sales, huge bulks of dark matter are needed to provide realisti models mathing with
observations. In this ase, retaining GR and its low energy limit, implies the introdution of an atually unknown
ingredient (a huge amount of missing matter).
We fae a similar situation even at larger sales: lusters of galaxies are gravitationally stable and bound only if
large amounts of dark matter are supposed in their potential wells.
Finally, an unknown form of dark energy is required to explain the observed aelerated expansion of osmi uid.
Summarizing, almost 95% of matter-energy ontent of the Universe is unknown while we an experimentally probe
only gravity and ordinary (baryoni and radiation) matter.
Considering another point of view, anomalous aeleration (Solar System), dark matter (galaxies, galaxy lusters
and lustered strutures in general), dark energy (osmology) ould be nothing else but the indiations that gravity
is an interation depending on the sale and the assumption of a linear Lagrangian density in the Rii salar R, as
the Hilbert-Einstein ation, ould be too simple for a omprehensive piture at any sale.
Due to these fats, several motivations suggest to generalize GR by onsidering gravitational ations where generi
funtions of urvature invariants and salar elds are present. This viewpoint is physially motivated by several
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uniation shemes and by eld quantization on urved spaetime [8℄. Furthermore, it is well known that revisions
of GR an solve shortomings at early osmologial epohs (giving rise to suitable inationary behaviors [13, 15℄)
and explain the today observed aelerated behavior [45, 46℄. These results an be ahieved in metri and Palatini
approahes [162165℄.
In addition, reversing the problem, one an reonstrut the form of the gravity Lagrangian by observational data
of osmologial relevane through a "bak sattering" proedure [98℄.
All these fats suggest that the theory should be more general than the linear Hilbert-Einstein one implying that
extended gravity ould be a suitable approah to solve GR shortomings without introduing mysterious ingredients as
dark energy and dark matter whih seem without explanation at fundamental level. However, hanging gravitational
side ould be nothing else but a matter of taste sine nal probes for dark energy and dark matter ould ome out
from the forthoming experiments as LHC.
Furthermore, in reent papers, some authors have onfronted this kind of theories even with the PPN presriptions
onsidering both metri and Palatini approahes. The results seem ontroversial sine in some ases [166℄ it is
argued that GR is always valid and there is no room for other theories while other studies [167169℄ nd that
reent experiments as Cassini and Lunar Laser Ranging allow the possibility that ETGs ould be taken into aount.
In partiular, it is possible to dene generalized PPN-parameters and several ETGs ould result ompatible with
experiments in Solar System [54, 92, 168℄.
In priniple, any analyti ETGs an be ompared with the Hilbert-Einstein Lagrangian provided suitable values of
the oeients. This onsideration suggests to take into aount, as physial theories, funtions of the Rii salar
whih slightly deviates from GR, i.e. f(R) = f0R
(1+ε)
with ε a small parameter whih indiates how muh the theory
deviates from GR and then approximate as
f0|R|(1+ε) ≃ f0|R|
(
1 + ε ln |R|+ ε
2 ln2 |R|
2
+ . . .
)
. (149)
Atually, the PPN - Eddington parameters β and γ may represent the key parameters to disriminate among
relativisti theories of gravity. In partiular, these quantities should be signiatively tested at Solar System sales by
forthoming experiments like LATOR [170℄ while the today available releases are far, in our opinion, to be onlusive
in this sense, as a rapid inspetion of Table IV suggests. In other words, ETGs annot be a priori exluded also at
Solar System sales.
Merury Perihelion Shift |2γ − β − 1| < 3× 10−3
Lunar Laser Ranging 4β − γ − 3 = −(0.7± 1) × 10−3
Very Long Baseline Interf. |γ − 1| = 4× 10−4
Cassini Spaeraft γ − 1 = (2.1± 2.3) × 10−5
Table IV: A shemati resume of reent experimental onstraints on the PPN-parameters. They are the perihelion shift of
Merury [171℄, the Lunar Laser Ranging [173℄, the upper limit oming from the Very Long Baseline Interferometry [172℄ and
the results obtained by the estimate of the Cassini spaeraft delay into the radio waves transmission near the Solar onjuntion
[174℄.
In this paper, we have outlined what one should intend for ETGs in the metri and in the Palatini approah. In
partiular, we have disussed the higher-order and the salar-tensor theories of gravity showing the relations between
them and their onnetion to GR via the onformal transformations.
In the so alled Einstein frame, any ETG an be redued to the Hilbert-Einstein ation plus one or more than
one salar eld(s). The physial meaning of onformal transformations an be partiularly devised in the Palatini
approah, as disussed in Se.IV. After, we have disussed some osmologial and astrophysial appliations of ETGs.
Although the results outlined are referred to the simplest lass of ETGs, power law f(R), they ould represent
an interesting paradigm. Assuming both metri and Palatini approah, it is possible to investigate the viability of
f(R) osmologial models. The expansion rate H = a˙/a may be analytially expressed as a funtion of the redshift
z, so that it is possible to ontrast the model preditions against the observations. In partiular, the SNeIa Hubble
diagram, the gas mass fration in relaxed galaxy lusters, the lookbak time to galaxy lusters, and radio galaxies an
be used to onstrain osmologial parameters by distane and time-based methods.
Also if suh models are, up to now, not ompletely satisfatory to math all the observations, they allow to reover
aelerated behavior of Hubble uid without any unknown form of dark energy. However, the issue of struture
formation has to be seriously faed in order to understand if suh toy models ould give rise to a self-onsistent
alternative theory to GR.
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Furthermore, it is possible to "tune" the stohasti bakground of GWs and this ourrene ould onstitute a
further osmologial test apable of onrming or ruling out ETGs one data from interferometers, like VIRGO,
LIGO and LISA, will be available.
In addition, the modiation of the gravitational potential arising as a natural eet in the framework of ETGs
an represent a fundamental tool to interpret the rotation urves of spiral galaxies. Besides, if one onsiders the
model parameters settled by the t over the observational data on rotation urves, it is possible to onstrut a
phenomenologial analogous of dark matter halo whose shape is similar to the one of the so alled Burkert model.
Sine Burkert's model has been empirially introdued to give aount for the dark matter distribution in the ase
of LSB and dwarf galaxies, this result ould represent an interesting ahievement sine it provides a theoretial
foundation to suh a model.
By investigating the relation between dark halo and the galaxy disk parameters, a relation between Md and Vflat,
reproduing the baryoni Tully - Fisher, an be dedued. In fat, exploiting the relation between the virial mass and
the disk parameters, one obtains a relation for the virial veloity whih an be satisfatory approximated asMd ∝ V avir .
Even suh a result seems intriguing sine it provides a theoretial interpretation for a phenomenologial relation.
As a matter of fat, although not denitive, these phenomenologial issues an represent a viable approah for
future, more exhaustive investigations of ETGs. In partiular, they support the quest for a unied view of the dark
side of the Universe. In summary, these results seem to motivate a areful searh for a fundamental theory of gravity
apable of explaining the full osmi dynamis by the only "ingredients" whih we an diretly and rmly experiene,
namely the bakground gravity, the baryoni matter, the radiation and also the neutrinos [175℄.
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